A Theory of Linear Fractional Transformations of

Rational Functions

Arthur Holshouser
3600 Bullard St.

Charlotte, NC 28208 USA
Harold Reiter
Department of Mathematics,
University of North Carolina Charlotte,
Charlotte, NC 28223, USA

hbreiter@email .uncc.edu

1 Abstract

If g, g are complex rational functions, we say that g ~ g if g = (%)_1 0go (gfig) , where
a b
P # 0. For practical purposes, the general problem of finding a collection of rational
c

invariants that are sufficient to partition ~ into equivalency classes may be intractable for
arbitrary degree rational functions.

In this paper, we first outline a simple and naive meta-method for finding weak rational
invariants when g and g satisfy g ~ g. These ‘weak’ invariants can be combined to create
‘strong’ invariants. This meta-method makes the invariants seem almost self-evident. We
now know that there is a very large number of these weak rational invariants which we divide
into two levels.

We apply this meta-method by finding three first level invariants that hold for arbitrary
degree rational functions. Then we give alternate proofs using the well-known theory of

resultants. These proofs are on the same level as the theorems themselves. In some special

az+b
cx+d

first level invariants which can also be extended to an infinite number. Also, by giving the

cases such as when = ax + b, a linear function, our methods yield a large number of

reader one single axiom, our methods can be completely understood by a naive person. This

is in sharp contract to the classical theory of invariants (see [2]) which is very specialized.
Az?+Bax+C ~ Az?4+Bx+C
Hz2+DX+E ~ Ha24Dz+E’
The applications in this paper deal exclusively with first level invariants. However, we

At the end, we state necessary and sufficient conditions so that

have computed and independently verified nine second level invariants for rational quadratics.
This gives a total of 12 weak invariants for rational quadratics, and each of these invariants
has a different meaning. These 12 invariants cannot possibly be independent. As an obvious

extension of our methods, we also state an unproven algorithm which computes from scratch



a large number of weak invariants for rational functions of any degree. This algorithm
computes 38 ‘weak’ invariants for rational quadratics. Some of these 38 weak invariants are
identical. Also, they include most but not all of the above first and second level invariants.
Thus, our methods can compute about 30 interrelated weak invariants for rational quadratics.
These have all been independently verified and the relations classified. Therefore, in some

ways our elementary theory is as potent as the specialized classical theory of invariants.

2 Introductory Concepts

A rational function g of degree n is a function of the form g = ZAZ-xi / ZBixi where
i=0 i=0
(A, Bn) # (0,0), at least one A; # 0, at least one B; # 0 and ZAiSCi and ZBﬂJi have

) i=0 i=0
no roots 1 common.

ub)—l go (st

AISO’ g~yg if 9= (cz+d ©ge cx+d

) where

‘ # 0. If g is a rational function
c

a b

arth # 0, then Lemmas 6 and 8 in this paper will prove that

of degree n and f = ¢,

both go f and f o g are of degree n. However, in order for our ‘weak’ invariants to make

sense, we will now define things in a more rigid way.

Definition 1 Let P (z ZA.%‘ A, # 0, be an nth degree polynomial and suppose
=0

a b
c d
sider P (z) to be of degree n.

Define P ((M)) =Po ((M)) =(cx+d)"-P (M) = ZA" (ax + b)’ (cx +d)"™"

# 0,a,b,c,d € C. In isolated degenerate cases where A, = 0, we will still con-

cx+d cx+d cx+d
i=0
Note 1. If t # 0, then P ((‘(ﬁigi)) =t". P ((%)) However, we usually consider

a,b,c,d to be fixed, and we do not deal with 228 — @bt 4 o () Iy order for our ‘weak’

P(z) _ tP(z) Plx) _ A0,
Q) Q) Q(x) tQ

When we combine our ‘weak’ invariants to define ‘strong’ invariants, then i 1n the normal
ar+b __ — atx+bt P(x) — tP( ) P(:E) . tP x) % O

cr+d ctz+dt’ Q(x) tQ(x)’ Qz)  tQ(x)’

invariants to make sense, we likewise do not consider

way we can allow

Lemma 1 Let P (z ZAx A, # 0,Q(x ZBx B, # 0, and suppose that

1=0
a b

P(z),Q (x) have no roots in common. Also, J # 0. In isolated degenerate cases
c

where one of A, =0 or B, =0, we will still compute this the same way.
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Then (az+b)_1 o P) o (g;Ci—S) = gf;g o ggg;ﬂﬁ‘é;; = ggz; where F(x) ,@(:E) are defined as

follows.
P(x) =dpP ((573)) —bQ ((552))
Q () = —cP ((#2)) +aQ ((2£2)) .

Of course, P (z),Q (x) have no roots in common.

Definition 2 Using the hypothesis of Lemma 1 and computing isolated degenerate cases

where one of A, = 0 or B, = 0 in the same way, we say that PEI; ~ % if there exist
b —

a,b,c,d e C, “ # 0, such that we can transform % — ggg by the transformation of

Lemma 1.

Note 2. First, note that if t # 0 then Lemma 1 computes (“t’”+bt)_1 o P@ o (dlztbt) —

ctx+dt Q(x) ctx+dt
n+1 J—
inil SEI; where P (z),Q (z) are defined in Lemma 1. Also, by using Z;”Is = %,t # 0, and
then adjusting t we easily see that for all ¢ # 0, ol x; zggx) Thus, even though Lemma 1

rigidly defines P (z), Q (x) we can still prove that ~ of Definition 2 is an equivalence relation.
We also emphasize again that we usually consider a, b, ¢, d to be fixed and for our ‘weak’
invariants to make sense, we must always define P (x),Q (z) exactly as in Lemma 1.
Also, in Lemma 1 we note that if ‘”IS gxfl) then P (z) = P (az),Q (z) = aQ (ax) .
Also, we need to point out that we will consider all polynomials such as P (z) =

Z A’ Q (x Z B;z" to be of the degree that we think they should be. Thus, P(x) and
=0
Q ({L‘) are of degree n. We will also consider P ((%)) ,Q ((‘Z;*’IZ)) , P (z),Q () to be poly-

nomials of degree n.We can ‘patch up’ degenerate cases where come of the leading coefficients
are zeros by using continuity arguments.

In general, polynomials are so well-behaved that all types of isolated degenerate cases
are ‘swallowed up’ by continuity.

However, the easiest way to deal with the isolated degenerate cases in this paper is just

to consider all calculations to be symbolic algebra. Then these degenerate cases do not arise.

Lemma 2 Using P (z),Q (z) from Lemma 1, denote P (x ZA a,b,c,d)x’ and Q (x) =

=0

Bi(a,b,c,d)x" where A;(a,b,c,d),B;(a,b,c,d) are polynomials. Then for each 0 <

-

=0
r < n A (a,bed) =c - dTT A (2,8) B, (a,b,¢,d) = T d™ - B (4,8) where
A, (%, s) . B, (%, s) are polynomials in the two variables % s
Proof. P (x —dZA (ax +b) (cx 4+ d)"~ —bZB (ax +b)' (cx 4+ d)"~
=0 =0



Let 0 < r < n be arbitrary but fixed.

In P (z), first consider an arbitrary term dA, (az + b)" (cx + d)"" where 0 < t < n and
t is arbitrary but fixed.

Also, let ¢ + j = r with 4, j arbitrary but subject to 0 <i <t,0<j<n—1t.

Now an arbitrary ith term in (ax + b)" is of the form a’b'~*z’ and an arbitrary jth term

in (cx +d)"" is of the form ¢/d"~t7ad.

Now
daibt =gt Al = gipt i I gt it
— aibt—icr—idl—&-n—t—&-i—rxr
i (g) ( 9)“’ -
c d
Also,

b Bi(ax +b) (cx+d)"
=0

= dg (g) B; (ax +b)' (cx +d)"

and the same proof holds. Also, Q (z) = (g) [—dP ((zﬂs)) -+ (%) dQ ((‘;;"Ig))] and the

same proof again holds. =

3 An Important Property of Polynomials

Lemma 3 Suppose P (x,y,z,v) is a polynomial having the property that for all x,y,z,v €
C, if vy # 0 then P (z,y,z,v) #0. Then P (z,y,z,v) =¢- (zv —yz)" where ¢ # 0 is
zZ v

a constant.

Proof. Of course, P (z,y, z,v) # 0, the zero polynomial. If P (x,y, z,v) is not constant,
by symmetry we may suppose P (x,y, z,v) = Z P; (y,z,v) 2" where n > 1, each P (y, z,v)

is a polynomial in y, z,v and P, (y, z,v) # 0, ‘5123 zero polynomial. Now v - P, (y, z,v) # 0,
the zero polynomial. Since v - P, (y, z,v) is continuous and v - P, (y, z,v) # 0, there exists
an open ball S* in the 3-dimensional space of y, z,v such that v - P, (y,z,v) # 0 for all
(y,z,v) € S*. Since v # 0 and P, (y, z,v) # 0 on S*, we know that if (y, z,v) € S*,z € C
and o # % then by the hypothesis P (z,y, z,v) # 0.
Therefore, for each (y, z,v) € S*, we know that all z-roots of P (x,y, z,v) = 0 must be
yz yz

z = % and we conclude that for all (y,z,v) € S*, P (z,y,2,v) = P, (y,2,v) - (z — —)n =

v
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P"(y’z’vz)',(f“*yz)n. Now v™ - P (x,y,z,v) = P, (y,2,v) - (xzv — yz)" for all (y, z,v) € S* and all
x e C.
Therefore, from algebra and analysis, we know that v" - P(x,y,2,v) = B, (y,z,v) -

Pn(y,Z,’U)'(.Z’U—yZ)n
vm :
P —yz)" .
(y,z,v)v(;vv ¥2)" ig g

polynomial, we know from a simple analogy of the theory of primitive polynomials (Gauss)

(zv — y2)" must be true for all x,y, z,v € C. Therefore, P (x,y, z,v) =

TV—YZ

Now is already reduced to its lowest terms. Therefore, since

that % = P(y,z,v) where P (y,z,v) is a polynomial in y, z, v.
Therefore, P (z,y, z,v) = P (y,z,v) - (zv —y2)".
Now if P (y, z,v) is a constant, there is nothing to prove. Therefore, suppose P (y, z,v)

is non-constant. Suppose P (y, z,v) = P (y,z) where v is absent. Let P (7,%) = 0. If we

define T, v so that Zv — yz # 0 then P (7,7,%,0) = P (¥,2) (xv — y2)" = 0 and # 0

w8l
S|

which is a contradiction.

Therefore, P (y, z,v) = Zﬁi (y,2)v" where each P; (y, z) is a polynomial, m > 1 and
i=0
m (1, 2) # 0, the zero polynomial. First, suppose Py (y, z) = 0, the zero polynomial. Then

ol ™l

(y,z,v) =0 for v = 0 and y, z arbitrary.
Therefore, if we choose 7,7,z € C,v = 0 so that 7v —yz = —yz # 0 then P (7,7,2,0) =

gl

(7,%,0) (Tv — yz)" = 0 which is a contradiction.
Therefore, Py (y,2) # 0. Now since Pg(y,2) # 0 and P, (y,2) # 0 we know that
P, (y,2)- Py (y,2) # 0, the zero polynomial.

Therefore, there exist 77,z € C such that P, (7,%Z) # 0 and P, (y,%) # 0. Therefore,
there exist 77,2,0 € C with ¥ # 0 such that P (7,Z,7) = 0. If we now choose T such that
70 — 7z # 0, then we have P (7,7,%,7) = P (y,%,0) (Tv — 5z)" = 0 which is a contradiction.
Therefore, the assumption that P (y, z,v) is non-constant is incorrect which completes the

proof. m

4 A Naive Meta-method for Deriving the Invariants

)

(z
(z

The method in this section allows us to derive invariants for the polynomials % —

Ql

that are specified in Lemma 1.
The method is so convincing that one almost wonders whether these invariants must
be proved at all. Using the definitions of P (z),Q (z), P (z),Q (v) in Lemma 1, then from

Lemma 2 we can write P (z),Q (z) as follows.



P(z) = Y Aa'=> Ai(a,becd)a’
=0 =0
_ - i n+1—i g a b 7
= ;cd Ai<z,d>x,
Qz) = ZEM‘Z =Y B;(a,bcd) "
i=0 i=0
. b
— z+1dnsz' g - )
=0 ‘ l <C7 d> v
Of course, a, b, ¢, d are variables and the coefficients of P (z Z A", Q (x Z B;a' are

considered to be constants. Also, the coefficients of the polynomlals A (a,b,c, d) ,Ai (‘CL, g)
and B, (a,b, c,d) , B (2 9) are given in terms of the A;’s, B;’s.

c’d
In order to ‘patch up’ degeneracies that can arise, we are going to consider Aq,--- , A,,
By,---,B,,a,b,c,d to be symbolic letters, and we will manipulate by symbolic algebra.

Since each A; (%, %) . B (%, g) has two degrees of freedom, in general (but not necessary

always) we might expect that we could choose ¢ E 7é 4 so as to force any two of the

b a b

A, (c, d) s, B; ( ) to be zero. We require ¢ # 2 since

¥ # 0, and we will not

c
consider ¢ = 0 or d = 0 since we are manipulating symbolically.

For example, we might force A, (9, 9) = 0, B3 (9, é) = 0. Also, in general, if the co-

efficients of P (x ZA ', Q (x Z B;x" are related in such a special way that we

=0
could force a certain collectlon of three of the A, ( , d) s, B; ( ) s, to be zero when ¢ 7§ o

then this would be exceptional. Since we are manipulating symbolically, it seems almost
self evident that this exceptional relation of the A;’s of P (x) and B;’s of @ () must remain

invariant under the transformation ~ that we are discussing. This is because no matter how
% — g*gg, we could still transform g*g; — ggg
A; (C, 3) s, B; (C, d) s would be zero. This is because the relation ~ of Definition 2 is an
equivalence relation. (see Note 2). So all we would have to do is back up gi—gg — %,

then transform it again ggg — ggg and then combine these two transformations to get

we transform so that these same three

P@ P(z)
Q) ~ Q
Since We are dealing symbolically, we believe that we have patched up isolated degenera-

. Again see Note 2.

cies that can occur.

Nonetheless, to be on the safe side, we will call the method that soon follows an axiom.



Of course, from the above, it follows that if a certain fixed collection of three of the
A, (c, d) s, B; (c, d) s cannot be forced to be zero for ¢ 7é , then this property would also

be an invariant under ~ .

Let us call 2 =t, b — 5. Now, s+ t since # 0 is symbolically, the same as s # t.

d

Consider three fixed A; (s,t)’s, B; (s,t)’s. Also, as in Section 6 in some exceptional cases we
consider two 4; (s,1)’s, B, (s,t)’s.

For illustration, consider A; (s,t),A; (s,t), and By (s,t). As always, the coefficients
of A; (s,t), A (s t) and By(s,t) are given in terms of the original coefficients of P (x) =

Z A’ Q (x Z B;z*, and these coefficients are polynomials in A;, ..., A,, Bi,..., Bn.

=0
5 General Principle (Axiom)
Suppose there exists a polynomial F'(Ay,---, Ay, B1,--+, By), (where P (x) = Z At

= Z B;z" ), that has property (A).

(A). The three simultaneous equations A; (s,t) = 0,4, (s,t) = 0,B;(s,t) = 0 has a
solution s,t with s # ¢, if and only if F' (Ay,---, Ay, By, -+, B,) =0.

Let us now suppose that Ay, ---,A,, By, -+, B, are arbitrary but fixed subject only
to the condition F (Ay,---,A,, B1, -+ ,B,) # 0. Of course, this means that the three
simultaneous equations A; (s,t) = 0, A4;(s,t) = 0,Bx(s,t) = 0, do not have a solution
s,t,s #t.

As always, suppose QEI% — PE“"; where? ZA E b,© E ! and5 ZB a,b,c, d

are computed in Lemma 1. (Note that we are now usmg new variables @, b, ¢, d). Usmg the

same reasoning as in Section 4 it follows that

F(a757a8) =F (AZI(EJ_):Ead)a"' 7jn (6757678) a§1 (6757678) st 7§n (6,5,6,8)) 7&0

- a b -
for all @,b,¢,d € C that satisfies C_L v/ # 0. Since F( b, ,d) is a polynomial in the
c
-~ e )
variables @, b, ¢, d, we know from Lemma 3 that F( , C, d) =C ? v ,C £ 0. If
c
@=1,b=¢=0,d =1, then from Lemma 1 (Also see Note 2), f(x) = P (z) ,5(@ =Q ()

which implies that each 4, (1,0,0,1) = A;, B; (1,0,0,1) = B;.



Therefore, when (E, b, E,E) =(1,0,0,1), we have F (1,0,0,1) = F (Ay,--- , Ay, By,--- , B,) =

n

e I e Therefore,
0 1
(%) F(A @bed), - A, (@bed), B (@bed), B, (ahed))

:F(Alv 7A7L7B17”' 7Bn)

ol 9

Of course, (A1, -+, A, By, , B,) are considered fixed.

The exponent n can be computed from the special case @ =@, b =¢ = 0,d = 1,
P (az) Q (x) = aQ (az). See Note 2.

Therefore, jz (@, 0,0,1) = @' A;, ?l (@,0,0,1) = @' B;, and n can be computed for the
fixed (Ay,..., Ay, B1,...,By).

Of course,

gl

(z) =

F (& @hed). A, @0.01).5) (@hed) - . B, (@5e))

is a polynomial in the variables A;,...,A,, B1,...,B,,a,b,¢ d. Also, for a fixed positive
_ [—) n
integer n, F(Ay,..., Ay, By,...,B,) - ? - is a polynomial in the variables Aq,..., A,,
c
By,...,B,,@b,¢ d. It is fairly easy to show that there exists (n,S*) where n is a fixed
positive integer and S* is a fixed open ball in the Euclidean space of the variables Ay, ..., A,,
Bi,...,B,,a,b,¢ d such that () is true on S*. Therefore, from algebra and analysis, we
know that (*) must be true for all Ay,..., A, By,...,B,,a,b,¢,d € C.
P(z) _, P(z)

This means that we have computed an invariant for the transformation 0w 5@ of
xr

Lemma 1 when ?(m) ,E(x) are computed exactly as in Lemma 1. We call this type of

invariant a weak invariant. All algorithms in this paper generate weak invariants.

Definition 3 If (as in Section 6) the General Principle works for two coefficients {Zi (5,1), 4, (s, t)}
or {4; (s,t),Bj(s,t)} or {B;(s,t),B;(s,t)}, then we call the invariant a first level invari-

ant. Otherwise, we call the invariant a second level invariant.

Observation 1 In Section 6 we illustrate a first level invariant that is computed by using
the resultant of two polynomials. (See definition 4.)

Also, resultants can be used when one of the three polynomials A; (s, t), A; (s,t), By (s,t)
is linear in one of the two variables s, t.

To rigorously use the General Principle, it is extremely helpful to note that if s = ¢, then
for each i, j, k,1 it is true that A;(t,t) = A;(t,t) = By(t,t) = Bi(t,t), where f(t) = g(t)



means that f(t) = c¢- g(t), where ¢ # 0 is a constant. We leave the proof of this to the
reader. This simple fact allows us to prove a large number of ‘weak’ invariants for rational
functions of any degree.

The following simple unproven algorithm which uses only resultants will compute far
more weak invariants than the algorithm in Section 5. This algorithm is a natural extension
of Section 5. We have not seen this algorithm fail. As an illustration of the algorithm,
define py(A;(s,t), A;(s,t)) = F(t), where i # j and p; is the resultant with respect to s. In
other words, ps(A;(s,t)A;(s,t)) eliminates the variable s to give a polynomial in ¢. Also,
ps(Ax(s,t), Bi(s,t)) = G(t). It is reasonably easy to show that B,(s,t) = B,(t). That is,
By.(s,t) is a polynomial in ¢ only. Also, it can be shown that B,,(¢) divides both F'(t) and G(t).
Suppose F(t) = B,(t)-F(t) and G(t) = B,(t)-G(t), where F, G are polynomials whose coeffi-
cients are polynomials in Ay, As, ..., A, Bi, Ba, ..., By. Then p(B,(t),G(t)), p(F(t), Ba(t))
and p(F(t),G(t)) are all weak invariants. Furthermore, suppose F(t) = Fy(t) - Fa(t) - -
Fi(t), where Fi(t) = B,(t) and G(t) = G1(t) - Go(t) - - - - - Gi(t), where G (t) = B,(t), is
the complete or partial factorization of F(t),G(t) into polynomials whose coefficients are
polynomials in Ay, Ay, ..., A, By, Ba, ..., B,. Then each p(F;(t),G;(t)) is a weak invariant.
Of course, p(F1(t),G1(t)) = p(Bn(t), Bn(t)) = 0. Also, each p(F;(t), F;(t)),i # j, is a weak
invariant and each p(G;H),G;H),i # j is a weak invariant. Suppose next that some F;(t) or
G4(t) is not a primitive polynomial, and suppose 0(Ay, ..., A, By, ..., B,) is a polynomial
that divides all the polynomial coefficients of F;(t) or G;(t). Then 6(Ay, ..., A,, By, ..., B,)
is also a weak invariant. Using the above factorizations F(t) = F,(t) - Fo(t) - - - F(t), where
Fi(t) = B,(t) and G(t) = G (t)-Ga(t) - - - Gi(t), where G1(t) = B,(t), it is also true that each

D(F;(t)) and each D(G;(t)) is an invariant. D denotes the discriminant. (See Definition 4.)
Note that it is easily proved from the theory of resultants that if Pj(x),..., P,(z),

Q1(x),...,Qun(x) are any polynomials, then

n m

o1 P@). [T Qi) = T o(Pi(2). Qs ()

i=1 j=1

and
2

D([[(P(x)) = H D(P(x)) - [H p(Fi(x), Py(x))

i=1 i>j

See Lemma 11. These facts makes the unproven algorithm seem natural.

6 Finding Some First Level Invariants

We now apply the General Principle and some analogous reasoning to find three first level
P(z) _ P
Q(x) Q(x)"

invariants of



az+b)_1 Az?+Bx+C o

To see the general pattern, we consider the simple case where (CI - Her i Dor B

(aa:—i—b) _ Eccz+ga:+§
cx+d Hx2+Dx+E"
If we study the action in this transformation, we can easily derive three weak invariants

that are simpler than what you might expect in the general method of Section 5 in which
we used three coefficients A; (s, t), A; (s, t), B; (s, t).

First, we observe that if # 0, then Az?+ Bx+C and Hz?+ Dx + E are relatively

c
prime if and only if Az? + Bx + C, Hz?> + Dz + E are relatively prime. This means that

p(Az>+ Br+ C,Ha* + Dx + E) =0

if and only if p (X:f +Bx+C,Ha?> + Dx + E) = 0, where p is the resultant. (See Definition
4.)

Suppose Az?+ Bx+C and Hx?+ Dz + E are fixed and p(Az?+ Bx+C, Hx?+ Dz +E) #
a b
c
p(A2?> + Bx +C,Hx*> + Dr + E) is a polynomjlal in a,b,c,d. From Lemma 3, we know that
b

0. Then, if # 0, it follows that p(A2z? + Bx + C, Ha? + Dx + E) # 0, where

p(Az?> + Bx +C,H2x* + Dr + E) = ¢- ,c#0. Usinga=1,b=c=0,d =1 we see

C

a b ’
c d|’
where n = 6 is evaluated as in Section 5. Of course, (*) is automatically true when p(Ax? +
Bz + C,Hz* + Dx + E) = 0. Lemma 3 proves (x) for us.

However, in Section 9 we give another proof of this for arbitrary degree rational functions

that (x) p(Ar?+ Bx+C, Hz*+ Dz +E) = p(Az®>+ Bx+C, Hz*+ Dz + E) -

by using the basic properties of resultants. This invariant can also be derived by considering
A(s,t) =0, H(s,t) = 0. Therefore the invariant is a true first level invariant.

Also, in this example we compute

H = Ha*+(D—A)d’c+ (E - B)ac® — Cc*
= S [HPP+(D-A)t*+(E-B)t—C].

Also,

D = d[Da*+ (2E — B)ac — 2Cc*] + b [2Ha® + (—2A + D) ac — B¢?]
= Ad[(Df + (2E— B)t —2C) + s (2Ht* + (—2A+ D)t — B)]

where as always we are calling ¢ = ¢, % = s.

10



We now define three functions.
H({t) = HP+(D—-A)*+(E-B)t—-C,
F(t) = Dt*+ (2E— B)t—2C,
G(t) = 2Ht*+ (—2A+ D)t — B.
Of course, H = ¢*H (t) and D = *d [F (t) + sG (1)] .

Since P (z) = Az*+ Bx + C,Q (z) = Hz? + Dz + E, we see that H (z) = zQ (z) — P (2)
and G (z) = zQ' () — P'(z). These definitions make sense When P(
)

arbitrary degree n. In general, Aq(s,t) = Ay (s) and B, (s,t) = B, (t
polynomials A; (s,t), B; (s,t) that are polynomials of a single variable, and we are going

x),Q (z) have an

are the only two

to take care of these once and for all. Also, B, (t) and A (s) lead to the same invariant.
Although it is not exactly proved by the General Principle, unless we augment it slightly,

we strongly suspect that whether B, (t) = H (t) has or does not have repeated roots is
a0 i%f”?-
rational functions % — P( of arbitrary degree by using D (H (t)), the discriminant of
H(t).

We next observe that F (t) + tG (t) = 2H (t). Again, observe that H = ¢3H (t) and
D = cd[F (t) + sG (t)]. We now show that if ¢t # s then H (t) = 0 and F (t) + sG (t) = 0 if
and only if H (t) =0 and G (t) = 0. Now if G (t) = H (t) = 0, then F' (¢) = 0 which implies
that F (t) 4 sG (t) =

Next, suppose H (t) 0,F (t) + sG (t) = 0,s # t. We now show that G (t) =

Now, F'(t) = 2H (t) — tG (t). Therefore, F (t) + sG (t) = 0 implies [2H (t) — tG (t)] +
sG (t) =2H (t)+ (s —t)G (t) = 0. Since H (t) =0, s # t, this implies G (t) = 0. Therefore,
we see that H (t) =0, F (t) + sG (t) = 0,s # t is true if and only if H (t) = G (t) =0, s # t.

Of course, H (t) = 0, G (t) = 0 have a common solution ¢ if and only if £p (G (t), H (t)) =
0. The General Principle of Section 5 tells us that this resultant =p (G (¢), H (t)) leads to
an invariant.

Note 3 If we deal with the transformation (az +b) ™ o £&) o (az +b) =

Q(x) Q( )’
then the mathematics simplifies considerably, and we can apply reasoning that is analogous

an invariant under This suspicion is correct, and we will soon prove this for

to the General Principle of Section 5 to define a vast number of first level invariants that

involve the two variables a, b.

7 Stating the Three Invariants

As always, P (x ZAx A, # 0,Q(x ZBQZ B, # 0. We also assume that

1=0
P (x),Q (z) have no roots in common.

11



As always, (222) " oLl o (azib) — 20 where P (1) = dP ((4242))—bQ ((22£2)),Q (z) =

A z+d Qb(x) cx+d Q(x) cx+d cx+d
—eP (&) +a@ ((5£2)) -
Also,
H(z) = 2Q(z)—P(z),
G(z) = SUQ'( ) — P'(z),
H(z) = 2Q(x)-P(x),
Gx) = IQ() P (x).

Let H, 1, H, 11 be the leading coefficients of H (), H (x). Also, p (P (z),Q (x)) denotes the
standard resultant of two polynomials and D (P (x)) is the standard discriminant of a single
polynomial. We also assume that all polynomials have the degree that they should have.

n(n+1)

Theorem 1 p (P (z),Q (z)) =

Theorem 2 D (H (z)) =

Theorem 3

7o (G2), H(x) = P (G(2) H ().

c d

Observation 2 Of course, p (P (z),Q (z)) # 0and p (P (z),Q (z)) # Osince P (z), Q (z)
are relatively prime and P (z),Q () are relatively prime. Therefore, if we divide the invari-
ants of Theorems 2, 3 by the invariant of Theorem 1, then we have two ‘strong’ invariants
that are independent of a, b, c,d. Also, since the numerator and denominator are homoge-
neous polynomials in the same total degrees, these two ‘strong’ invariants are also invariants
when we define % = ig x),t +£ 0, and define £ m = ]]zg(x k # 0. The reader should
compare this statement with Notes 1, 2.

We now get down to the nuts and bolts and prove these three theorems on their level by

using some very basic properties of resultants and discriminants.

8 Basic Properties of Resultants and Discriminants

LetP(m)—ZAixi:An- (z—1),Ap #0,Q (x ZB:E— mH , B, # 0.

Sometlmes we restrict n = m and sometimes we do not

12



Definition 4 The resultant p (P (z),Q (x)) = A B, H ; — ;).
Also, the discriminant D (P (x)) = (—1) zn(n=1) (A_n> p(P(x),P (x)).

Lemma 4 D (P (z)) = A?? H (ri —1;)°.

i>j
Proof. The proof is standard m

The following axiom will allow a naive person to read this paper.

Axiom 1 p (P (x),Q (x)) equals the determinant of the (n + m)x (n +m) matriz M defined
as follows.
FEach row 1 <1 < m of M is defined as follows.

—i—1— —m—i—
——— ———
0707"'70An7An717'”7A07O707”'70'

FEach rowm +i,1 <1< n of M is defined as follows.
—i—1— “—n—i—

/_H /_H

0707'”7oaBm7Bm717”'78070707"'70'

See pp. 99-104, [1]. The following lemmas can be proved from Definition 4, Lemma 4

and Axiom 1, and they are sufficient to prove Theorems 1, 2, 3.

Lemma 5 P (z ZAx—A H , A, #0.

Then ﬁ(cri —a) = Ac)” P (E) ,c#0.

Lemma 6 Using the notation of Definition 1, define

iAixi:An~ﬁ(x—ri),An7éO,
i=0 i=1
— ar +b L i =
Ple) = p((cﬁd)):ZAix,An#o,
Q(r) = ZB[E—B H , By #0,

Q) - Q((jjjj_j)) :iﬁ B, #0,

where
c

b
0.
ak

a b

Then p (ﬁ (z),Q (x)) . d




Note 4 As always, in Lemmas 6, 7 we consider a, b, ¢, d to be fixed and P ((a”b)) Q ((“”b))

cx+d cx+d
must be computed exactly as in Definition 1. Also, as always, the cases A, = 0 or B,, = 0
can be handled by continuity, but P ((gﬁ:g)) ,Q ((%)) are still considered to be of degrees
n,m.
Proof of Lemma 6 Let P(z) = A, H r—7),Q (x) = By - H(x —5;). We will
i=1
assume ¢ # 0 and handle ¢ = 0 by contmmty
Now
- axr + b - 7 n—i
P(x) = P <(cx+d>> = ZAi (ax +b)" (cx + d)
= A,- H T —T;) = (ZACLZ 4 Z) H T —T;)
i=1 1=1
a n
- er(2) e
c . H (x —T;)
Also,

Qx) = Q((Zjiz)) iBi(aerb)i(chrd)mz

=0

= B,,- ﬁx—sl :<ZBazml> ﬁx—Sz

i=1 i=1

- wo(2) o

i=1

Now p(P,Q) = A" AL (r; — s;) and p (P, Q) = A, B, 11 (¥; — 5;) where A, = c"P (%),B,, =
"Q (%)

Also, 7; = 01 5, = dsi,
Therefore, 7; — 5; = (ad=brizsi)
J (cri—a)(csj—a) o
Now, p (P,Q) = A'B. I [(ad_bc)(”_sj)] = An Bulad b)) PIis) ik, by Lemma 5
10( Q) (cri—a)(csj—a) [%P<a)] [%Q(a)] )

n c c

AmA B2, B, (ad—bc)"™(r;—s;)

= = (ad — be)"™ A"BMIL (r; — s5) = (ad — be)"™ p (P (x),Q (x)) =
Lemma 7 P (z ZAx A, #0, and 2‘7&0 Then
ar +b a e
(o) |2




Proof. The proof which uses Lemma 4 is very similar to the proof of Lemma 6 and is
left to the reader. m

Lemma 8 Suppose P (z),Q (z),P (x),Q (x) are all nth degree polynomials and P (z) =

_ a b

aP(az)—l—bQ(:c),Q(x):cP(x)—i—dQ(a:),‘ . # 0. Then

p (F (x) ,@(I)) = p(aP (z) +bQ (z),cP (x) 4+ dQ (z)) =

Proof. We assume d # 0 and as always we handle d = 0 by continuity. The case n = 2

easily shows the pattern. Now

p(aP (z) +bQ (z),cP (x) +dQ (z))

n

a b
c d

p(P(z),Q(x)).

CLAQ + bBQ aAl -+ bBl CLAO + bBo 0
o 0 CLAQ + bBQ CLAl -+ bBl G,Ao -+ bBO
| cAy+dBy cA, +dB, cAy+dBy 0
0 CAQ -+ dB2 CAl -+ dBl CA() + dBO
(add—bc) A2 (add—bc) Al (ad;bc) AO 0
_ 0 (add—bc) AQ (add—bc) Al (add—bc) AO
CAQ + dBQ CAl + dBl CAO + dBO 0
0 CA2 + dBQ CAl + dBl CAO + dBO
(add—bc) A2 (add—bc) Al (ad;bc) AU 0
_ 0 (ad;bc) AQ (ad;bc) Al (ad;bc) AO
dB, dBy dBy 0
0 dB, dB, dB,
b 2
a
= p(P(2),Q (). m
c d

Lemma 9 Suppose P (x) is an nth degree polynomial and Q (x) is an mth degree polynomial.
Also, ¢ #0,¢# 0. Then p(cP (z),eQ (z)) = c"¢"p (P (z),Q (x))

n+1 n
Lemma 10 P (x) = ZAixi, Api1 #0, and Q (x) = ZBZ-:ci, B, #0. Also, ¢ # 0.
i=0 i=0

Then p(Q + cP, P) = (=1)""" A, 11p(Q, P).

Proof. We note that @) + ¢P and P are of degree n + 1 and @ is of degree n. Thus,
p(Q + cP, P) is evaluated by a (2n 4+ 2) x (2n + 2) determinant, and p (Q, P) is evaluated
by a (2n + 1) x (2n + 1) determinant. The proof is very similar to Lemma 8 and is a trivial
application of Axiom 1. Also, the special case n = 2 easily shows the pattern and the reader

can supply the details. =
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Lemma 11 P (z) = ZAia:i = An-H (x—1), A, #0,Q (x) = ZBixi = Bm'H (x = s;), By #
0.

Also, a # 0. Then p ((az 4+ b) P (z),Q (z)) = a™Q (=

V
>
s
=
O
=

Proof. p((ax+b) P (x),Q (x)) = (ad)" By |]

:jg

Now @) Tb = mH (— — sz> . Therefore,

=1

(aAn)" By Q (22) W (ri — s5)
B,

= a"Q (%b) AT BT (r; — )

p((ax +b) P (2),Q () =

I (%b),ow(x),cz(x». .

Corollary 1 Suppose R (x) is a polynomial of degree n+1 and (ax+0b) | R (z) where a # 0.
Also, Q () is a polynomial of degree m.

Then p (555 Q (a)) = “Sa b,

Proof.

p(R@).Qw) = oty (D),

Lemma 11 can be generalized to p(H Pi(x), H Qi(z)) = H p(P;(z),Q;(x)). But this is

i=1 i=1
not needed.

9 Proving Theorems 1, 2, and 3

The definitions P (x),Q (z), P (z),Q (z), H (x), H (x),G (z),G (z) are given in Section 7.

Theorem 1. p (P (z),Q (z)) =

Proof. Using the definitions of P (x),Q (),

o 20 - o((250) o (52)) - ((2)) e (52)
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"

which, by Lemma 8, equals - p (P ((‘”J’b)) ,Q ((“”b))) , which, by Lemma 6,

—c a cx+d cx+d
b n b n? n(n+1)
a a a
equals (P ),Q ) = p(P(2).Q(x). m
c d c d d
n(n+1)
Theorem 2. D (H (z)) = ¢ -D (H (x)).
C

Proof. Now H (z) = 2Q (z) — P (z) and H (z) = 2Q (2) — P (). From the definitions of
P(x),Q (x) in Lemma 1, we know () H (z) = — (cz + d) P ((££2)) + (ax + ) Q () .
Now H (z) is of degree n+ 1. Also, H () is of degree n + 1 unless it is degenerate which

as always we can handle by continuity.
We now show that H (z) = H (z) o ((£2£2)) = H ((22£2)) . Then from Lemma 7 we will

cx+d (nt1) cx+d
n(n+
know that D (H (z)) = DH ((%)) = p - D (H (x)) which will complete the
c

proof. Now

n((55a) = mwe((527))

b
= (cx—i—d)nH-H(ax—'— )

cr +d
il |ax 4D ar +b ar +b
— : -P
(cv +d) Lx+dQ <ca:+d) <cx+d

— _(cx+d)”+1P(%i) +(ax—|—b)(cx+d)"@((w+b)

cr + cr +d

- —wrar((5)) rerne((55))
= H(z) from (x). "

Theorem 3 is much harder to prove than Theorems 1 and 2 which were almost trivial to
prove. But we point out that we are dealing with rational functions of arbitrary degree n.
So it is worth the extra work.

Theorem 3.

ﬁlﬂp (@ (@), 1 (2)
n(n+1)
a b 1
-0 @ ).

Note that G (), G (x) are of degree n, and H (), H (x) are of degree n + 1. As always,

degenerate cases are handled by continuity.
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Proof. As always.

|

o - ((z20)-
P ) 0

O) = —c (<a$+b

Also, H () = 2Q (z) — P (z),G (x) = 2Q' (x) — P' (x) .
Also, H (z) = 2Q (z) — P (x) = — (cx + d) P ((2££2)) + (az + ) Q ((££2)) .
Now P () = d (cx 4 d)" P (228) —b (cx 4+ d)" Q (2£2) , Q (x) = —c(cx + d)" P (“2) +
a(cx+d)" Q (“5) . We now calculate G () = 2Q (z) — P (z). Now (‘;;IZ)/ = (‘;‘ZJ:S;Q.

By straightforward calculation,

nedP ((5553)

. / ax+b
5 (z) = 1 +d (ad — be) f(’wﬁgmrd))
cx + d —anQ ((cm—f—d))

~b(ad —be) Q" ((47))
Note that P((w)) ,Q ((M)) are of degree n and P’ ((M)) ,Q ((w)) are of

e e cr+d cz+d
degree n — 1.
Also, by calculation,
—neP ((557))
o 1| el w0 P (22
cx+d +nacQ ((£57))
ta (ad —be) Q ((245))
Therefore,
G(z) = IL’@, (z) — P (z)
—nc(cx +d) P ((%))
1| —(ad—be) (cx+d) P ((22£2))
cx+d +ne(ax +b) Q ((2£5))
+(ad = be) (ax + ) Q' ((453))
= [0 () + (ad = be) B ()] where

i) = —eror ((257)) verroe (257),

Of course, f (z) is a polynomial of degree n.
As always, H, 1, H,,, are the leading coefficients of H (), H (x), and we need to show

that
1 n(n+1)
—p(G(z),H (1)) =
70 (@@ @)

a
c d

18



Now

ﬁi-‘,—lp (G(z),H (z) = F,,llﬂp (cx:_ p [ncH (z) + (ad — be) 0 ()] ,F(:E)) :
which by Corollary 1, = WFH(%) [p (ncH (z) + (ad — be) 0 (z) , H (z))], which by Lemma
10, = %p ((ad —be) 8 (x) , H (x))
_ (= 11::11(;5(1 bc))n+1p (@( ), H (z)) = (xx) where (+*) is computed as follows.
Now H (¢) = — (e + d) P ((53)) + (az +0) Q ((£53)) -
Also, Q ((2£2)) = Z B; (az +b)" (cx +d)"
i:(o )"t (ad—bc)" 1B,

Therefore, ﬁ( )

Cn-&-l

(0(x),H (x)) = (*xx) where 0 (z) = — (cx+d) P' ((££)) +
(z) = (Cin) ((&5)) + (az +0) Q ((£32)) -
*) = g0 (G ((532) 2 ((532)))-

Therefore, (x*) = —

B0
(ax +b) Q ((&77)) and H
We now show that (

n(n+1)
Then it will follow from Lemma 6 that (x % x) = Z p -0 (G (x), H (x)) =
n(n+1)
CCL y : Hnl“p (G (x), H (x)) which will complete the proof. Of course, B, = H, 1

since H () = 2@ (x)—P (x). So all we have to do is prove that G ((%)) =0(x), H ((zfifl)) =
H (z). Now H ((22£2)) = H(x) was demonstrated in the proof of Theorem 2.

Now
o((50) - van-rone((53)
- o [ () - (259)]
= e () v ((220))
— G(x).

Therefore (x %) = fp (G ((2222))  H ((2252))) .

10 Applications

Suppose T' (z) = éﬁzigﬁi% = ggg, T (v) = %ﬁiigﬁi% = ggw; are rational quadratics. As in
Observation 2, we combine Theorems 1, 2, and 3, to define two “strong” invariants. As always
the invariants are computed by using Axiom 1 and assuming A # 0, H # 0, A # 0, H # 0.

As always, continuity takes care of degeneracies.
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D(H(z))

Invariant 0 = —55=0s5 and Invariant ¢ = % where as always, H (z) =

l
2@ (x)—P (z) and G (z) = 2@’ (x)— P’ (). Of course, p (P (z),Q (z)) # 0since P (z),Q (x)

have no roots in common. We also say that T'(z) = SEI; is a normal rational quadratic if

P(a (x) kP(x
9(@( ))7“) 2 = w00t 0 50 = w5 kA0,

since #,¢ are each the ratio of two homogeneous polynomials of the same total degree 4.

Suppose T (x), T (x) are normal rational quadratics. Then by using reasoning that is much

simpler than the reasoning in this paper, we can show that T (z) ~ T () if and only if

0.0) = (0,9).
Also, T (z) is ~ to a polynomial if and only if ¢ (T') = 0.

After computing the invariants 6, ¢ of % in terms of A, B,C, H, D, E, the reader

might like to prove the following.

(1) (a+c)z?+2ma+cm -~ 2245 -~ 22'2

332+20;t+(m ac) 2x+t :

(2) ax?—2bx+c ~ x2—2ra+t ~ L
z2—2az+b —2z+r 2

In (1), (2), we assume that all rational quadratics are (genuine) non-reducible rational

quadratics.

11 Discussion

This paper deals exclusively with first level invariants. By using the General Principle
together with the fact that A;(¢,t) = A;(t,t) = By(t,t) = By(t,t) for all i, j, k1, we have

computed and independently verified nine second level “weak” invariants for the rational
Az?+4+Bz+C N ExQ—&-Ex-‘rg
Hx2+Dzx+FE Hz2+Dx+E"°
unproven algorithm, we have roughly 30 interrelated weak invariants for rational quadratics

Combining these with the invariants computed by the

quadratics

and these have been independently verified. We estimate that the unproven algorithm will
compute around 60 to 150 weak invariants for the 3rd degree rational functions. We believe
there are a vast number of second level weak invariants for higher degree rational functions.

The reasoning in this paper also applies to each of the following. For transformation (d),

we can prove an analogy of Theorem 1.

b, P@ _, P@ _ P (b — P((&17)

Q@) Q@) — Q@) " \ca+d QUL
i ~ g = (&) ° o
4. 56— 50 = (=) o g o (e
e SEQ - gﬁg = (&) o ggg o (42£8)! where r,t are integers not both zero.
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and the list goes on.
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this paper regarding the use of the classical theory of invariants. This motivated us to find

an elementary algorithm that can accomplish the same results.

References

[1] Weisner, Louis, Introduction to the Theory of Equations, The MacMillan Company,
New York, 1949.

2] Kraft, Hanspeter and Claudio Procesi, Classical Invariant Theory, Preliminary Version,
July 1996, http://www.math.unibas.ch/ kraft/Papers/KP-Primer.pdf.

21



