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Abstract

Several authors have written papers dealing with a class of combinatorial games
consisting of one-pile and two-pile counter pickup games for which the maximum num-
ber of counters that can be removed on each move changes during the play of the
game. See Holshouser [8],[7], and Flanigan [4]. The maximum number of counters
that can be removed can depend upon a number of factors including the number of
counters removed on the last move, the sizes of the piles, and the move number in the
game. In this paper we consider a two-pile game in which the maximum number of
counters that can be removed depends on both the size of the last move and difference
between the two pile sizes of the previous position. Consider the following game where
f: Ng x N — Ny is a function. Two players alternate removing positive numbers of
counters from two piles of counters. On each move the moving player chooses a pile
and removes counters from the chosen pile. Initially, the player moving first can remove
from one pile at most k counters. On each subsequent move, a player can remove from

one pile a maximum of f(x — y,t) counters, where z and y, x > y, are the pile sizes in



the preceding position and ¢ is the number of counters removed by his opponent on the
preceding move. The game is over when the moving player cannot move. The winner
is the last player to make a legal move in the game. When f (n,t) = 2t, the strategy
uses the Fibonacci base (1,2,3,5,8,13,--), and when f(n,t) = t, the strategy uses
the binary base (1,2,4,8,16,---). The most efficient way to study these f (n,t) = 2t,
f(n,t) =t games is to first develop a basic theory. In this paper, we extend this basic
theory as far as we can, and we also find all functions f(n,t) for which this theory is
effective. We also explain why the applications are endless. These applications can in-
clude increasingly complex single and two pile games in which counters can be removed
or added back using arbitrarily complex rules which we discuss in the appendix. We

have studied more than a dozen such games.

Introduction. In sections 1-3, we develop all the basic machinery and in section 4, we
apply this machinery to study two relatively simple games. In the appendix, we explain how
the rules can be made arbitrarily complex. It is helpful to point out that once theorem 1 is
proved at the end of section 3, the reader can then forget much of the previous details.

Section 1. Throughout the paper we use the following notation. Let N denote the set
of positive integers, and Ny = {0} U N.

Definition 1. A base B = (by = 1,bs,bs,--+) is an infinite strictly increasing sequence of

positive integers satisfying by = 1 and Vk € N, by1 — by € {b1,ba, -+ ,bi}.
Definition 2. Vk € N,g(bk) = bk+1 - bk That iS, bk+1 = bk +§(bk) Thus, g(l) =1.

For example, B = (1,2,3,6,7,10,17,34,---). For this B, g(17) =34 — 17 = 17,5 (7) =
10—-7=3.

Definition 3. Yk € N, we say that by, is binary if g (by) = by. Also, by is non-binary if
g (bg) < bg. Thus by =1 is always binary.

In the above example, 1, 3, 17 are binary, and 2, 6, 7,10 are non-binary.

Algorithm 1. Let B = (by = 1,by,b3,---) satisfy definition 1. ¥n € N, we can write
n = by, + by, + -+ + by, where by, < by, < --- < b, and each b;; € B, by the following
inductive algorithm. First, 1 = by € B. Therefore, suppose 1,2,3,--- ,n — 1 have been
represented by the algorithm. Then n can be represented as follows. Let by, < n < byy1. Then
n=(n—>bg)+ b, where 0 <n —by < bgy1 —br =G (bg) < bx. If 0 = n — by, the algorithm
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1s completed. If 1 < n — by, by induction we can write n — by, = b;, +b;, + -+ b;,_,, where
biy < by, < -+ <bi_, <b and each b;; € B. Letting b;, = by, we have n = by, +b;, ++- -+ by,
where b, < b, <--- <b;, and each b;; € B.

As an example, for the B = (1,2,3,6,7,10,17,34,---),31 =1+ 3+ 10 + 17.

Definition 4. Let n = by, + b, + -+ + b, by < by, < -+ < by, and each b;; € B, where
B satisfies definition 1. We say that this representation of n in B s stable if V2 < 7 <
tbi,_, <9 (bij). This implies b, < b, <--- <, .

Observation 1. In definition 4 the statement V 2 < j < ¢, bij,l <g (bij) is equivalent to
V2<j<tb;, , 1157 (bij) since g (bij) € B and b;;_, 11 is the member of B coming right
after b

ij—l .

Lemma 1. Let n = b;, +b;, +- - -+b,, by < b, < -+ < b, and each b;; € B, where B satisfies
definition 1. Then this representation of n in B is stable if and only if this representation of

n in B is computed by algorithm 1.

Proof. 1t is easy to see that algorithm 1 gives a stable representation of n in B. Suppose
n = by + by + -+ by, bi; < by, < --- < by, and each b;; € B, is stable. We show that
this representation of n in B is computed by algorithm 1. Suppose t > 2. Now V 2 < j <
tbi,_, <9 (bl-j) is equivalent to b, 41 <g (bz-j). Now b;, < g (b;,) implies b;, +b;, < bj,11 <
G (biy). Also, (bi, +biy) + biy < biy+1 < G (b;,). Continuing in this pattern, we end up with
bi, < by + by, +---+0b;, < bj,+1. This means that b;, must have the same value that is
computed by algorithm 1. Since b;, + b;, +--- + b;,_, is also in stable form, this also means
that b

pattern, we see that b;,,b;,, -+ ,b;, must all have the values computed by algorithm 1. [J

i, must have the same value that is computed by algorithm 1. Continuing in this

Definition 5. Vn € N, let n = bil + big + -+ bitvbh < big < e < biz and each bi]- S B,
be computed by algorithm 1, where B satisfies definition 1. We say that n is semi-stable if
t> 2 and bi1+1 = g(bm) .

By observation 1, b;, .1 < g (b;,) is always true. Note that the representation of n in B is

stable but the term semi-stable refers to n itself.

Definition 6. B satisfies definition 1 and ¥Vn € N, let n = b;, + b, + -+ b;,, by < by, <
- < by, and each b;; € B, be computed by algorithm 1. Then we define g(n) = b;, and
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(n) =g (g(n)) =9 (b;,). Also, we define g(0) = g(0) = co. Of course, when g(n) =b;, =
,g(n) =1.

Note that n is semi-stable if and only if g(n) + g(n) = g(n — g(n)).

Definition 7. Vn € N, let n = by, + b, + -+ + by, by < by, < --- < b, and each b;; € B,
be computed by algorithm 1, where B satisfies definition 1. We say that n is binary if
g (n) = by, is binary. That is, G(b;) = b;,. We say that n is non-binary if g (n) = by, is
non-binary. That is, G(b;,) < b;,. Thus n is binary if g(n) = g (n), and n is non-binary if
g(n) < g(n).

Lemma 2. Suppose n = b, +by, +---+0b;,, 05 < b, <--- <by, and each b;; € B, is computed
by algorithm 1, where B satisfies definition 1. Suppose n is semi-stable. That is, t > 2 and
biy+1 =0(bi,). Then Ir,2 <r <t, such that g(n) +n =b; 41 +b;, +- i, b1 < by, <
oo < by, is in stable form. From lemma 1, this stable representation of g (n)+n in B must

be the same form as using algorithm 1 to represent g(n) +n in B.

Proof. Since n is semi-stable, §(n) +n =g (b)) + by, + -+ +b;, = biyy1 + by + -+ b, =
biy+1 + biy + -+ - + b;,. Suppose this is not in stable form. Then since b;,11 < g (b;,), this
means by, 1 = g (b;;) and we must replace by, 1 + b;; by biy1. If biypq + b, + -+ - + by, is not
in stable form, we must have b1 = 7 (b;,), and we must replace by, 11 + b;, by b, 1. We
keep doing this over and over until b;,1 + b;, + - - - + b;, has been written in stable form, and

this proves lemma 2. O

Section 2. When we first researched this paper, we started with the two functions
f(n,t) = 2t and f(n,t) = t. The strategies for f(n,t) = 2t and f(n,t) = t led to the
Fibonacci and binary bases respectively. We then unified our proofs and developed a basic
theory that used a consolidated Fibonacci-Binary base where by = 1 and b1 —by € {bg, br—1}
and consisted of a series of lemmas.

We used [7] to help us do this. However, we observed that the two-variable functions
f (n,t) can be defined so easily that it is more convenient to reverse ourselves and also start
with an arbitrary base B that satisfies the much more general definition 1. We then consider
the lemmas of the basic theory to just be the properties that the two-variable functions
f (n,t) must satisfy. An added benefit is that we find all f (n,t) for which our basic theory is

effective since f(n,t) is two variable instead of one variable and can easily be defined directly



from the lemmas. We cannot do this with one variable functions f(¢). This basic theory can
then be applied to study increasingly complex single and 2-pile games exactly the same as
before. Also the reader does not have to go through the proofs for a list of lemmas.

We will now list in table form the properties that f(n,t) must satisfy in the basic theory.
We will then discuss the compatibility of these properties.

In the following, B = (by = 1,bo, b3, -+ ) satisfies definition 1, and f : Ny x N — Ny is
a function. Also, Vn € N, n=1b;, +by, +---+0b;,,b;; < by, <--- <b;, and each bi; € B, is
computed by algorithm 1. From algorithm 1 and lemma 1, we note the following. In P-5 if
1<z<g(n),theng(g(n)—z)=gmn—2). mP-6if 1 <z <g(n),theng(n+x)=g(x).
The value of these 9 properties will be apparent later in the paper. For example, see theorem
1 and remark 2. We will also explain why the applications are endless. Until then the reader

will have to rely on faith.

Yne N if then

P-1 | n is semi-stable f(n,g(n) <g(@n)+n).

n is not semi-stable,
P-2'1" n is non-binary, f(n,g(n)) <g(g(n)+n)=g(g(n)+n).
g (n) + n is binary

n is not semi-stable,
P-3 | n is non-binary g@n)+n)<f(ngn)) <g(@mn) +n).

g (n) + n is non-binary

P-4 | n is not semi-stable f(n,g(n)<gn—g(n)).

f(n,x)>gn—z)=g(g9(n)—x).

P5lzeN1<z<g(n)
see above note.

fn,x) = g(n+w)=g().

P6|zeN,1<z<g(n)
see above note.

n is non-binary

o reN,g(n) <z <g(n) fme)2gnta).
P-8 | neN fn.gn)) <gn-g(n).
P9|lzeN f(0,2) > g(x).

There is just one compatibility condition that the base B must satisfy in order for f :
Nyg x N — Ny to exist that satisfies P-1, P-2, ---, P-9.



Compatibility Condition. ¥n € N, if n is both non-binary and semi-stable, then g (n — g (n)) <

7 (g (n) +n) must be true in the base B.

Note. We will show that if g : B — B is non-decreasing, then this compatibility condition
is automatically met.

The reader might like to show that f (n,t) = 2t, f (n,t) = t satisfy P-1, P-2, .- P-
9 for the Fibonacci, binary base respectively. See [7] for more about this. We will now
show that the above compatibility condition is the only one that B must satisfy in order for
f: Ny x N — Ny to exist that satisfies P-1, P-2, ---, P-9.

Since P-9 is independent of P-1, -- -, P-8, there is no compatibility requirements for P-9.
So we consider only P-1, P-2, ---, P-8.

1. Let us first assume that n € N is binary. When n is binary, g (n) = g (n), Also, only
P-1, P-4, P-5, P-6, P-8 apply. Note that f : Ng x N — N is a function into Ny and
0 € No. Also, Vn,z € N, f(n,z) can be made as large as we wish. So when n is
binary, it is trivial to see that there are no compatibility requirements on B in order

for f (n,x) to exist.

2. Next, suppose n € N is non-binary which means 1 < g(n) < g (n). The only com-
patibility problem that might arise concerns the value of f (n,g(n)). Now f(n,g(n))
occurs only in P-1, P-2) P-3 and P-5. We will consider three subcases of (2).

A. n is non-binary and semi-stable. P-1 and P-5 apply which means g (n — g (n)) <
f(n,g(n)) <g(g(n)+n). Since 1 < g(n) < g(n) = b;, it is easy to see that
gn—9(n))=g(g(n)—7g(n)) <b,_1. Also, since n is semi-stable, from lemma
2 we know that 32 < r <t such that §(n)+n = b;, 41 +b;, ., +---+Db;, is in stable
form. This means g (g (n) +n) = g (b;,+1). However, there is no way that we can
prove g(n —g(n)) < g(b;+1). Now if g : B — B is a non-decreasing function,
then g(n—9g(n)) < b1 < b1 = G(biy) < G(bi, 1) = g(g9(n) +n). This
implies g (n —g(n)) < f(n,g(n)) <g(g(n)+n) is compatible for f (n,g(n)) to
exist. However, in general we must assume that if n is non-binary and semi-stable

then g (n —g(n)) <g(g(n)+n) is true in the base B.

B. n is non-binary and not semi-stable, and g (n)+n is binary. Only P-2 and P-5 ap-
ply and we must have g (n —g(n)) < f(n,g(n)) <g(g(n)+n) =g(gn)+n).
Now since n is not semi-stable, g(n) +n = g(b;y,) + by, + by + -+ b;, =
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biy+1+bi, + -+ by, is in stable form since if ¢ > 2 then b;, 11 < g (b;,). Therefore,
9(G(n) +n) =bipyand g (n—7(n)) < b1 < g(g(n)+n)implies g (n —g(n)) <
f(n,g(n)) <g(g(n)+n)is compatible for f (n,g(n)) to exist.
C. n is non-binary and not semi-stable, and g (n) + n is non-binary. Only P-3 and
< f(ng(m) < g(g(n) +n) and
gn—=g(n)) < f(n,gn). Now g(g(n)+n) < g(g(n)+mn) since g(n) +n
is non-binary. So the only compatibility requirement for f(n,g(n)) to exist

P-5 apply and we must have §(g(n) +n)

is g(n—79g(n)) < g(g(n)+n), and this is obviously true since g(n —g(n)) <
biy-1 < g(g(n) +n) = bi 1.

Section 3. We will now develop the machinery for the endless applications of the basic

theory.

Definition 8. Let B satisfy definition 1 and the compatibility condition. If B is fized, we
define h: Ny — {oo} UN to be any arbitrary but fized function that satisfies the conditions

A. h(0) =00
B. ¥Yne N,h(n)€{g(n),g(n)}.

Since §(0) = ¢(0) = oo and Vn € N,g(n) < g(n), we know that Vn € Ny, g(n) <
h(n)<g(n).

Definition 9. Let B satisfy definition 1 and the compatibility condition. Also, f : Ny X
N — Ny satisfies P-1, P-2, --- ,P-9, and h : Ny — {oc0} U N satisfies definition 8. Then
g : Nog — {00} UN is defined as follows.

A. ¢ (0) =00
B. ¥n € N,¢' (n) is the smallest x € N such that (1) or (2) is true for x.

1. f(n,x) <h(n—=x) or
2. f(n,x) <h(n+z).

Note. Vn € N,h(n —n) = h(0) = oo implies 1 < ¢’'(n) < n.



Definition 9’ (generalized). Let B satisfy definition 1 and the compatibility condition.
Also, f : Ngx N — Ny satisfies P-1, P-2, -+ - P-9 and Vi € {1,2,--- ,m}, h; : Ny — {o0}UN
satisfies definition 8.

Then ¢’ : Ny — {oo} U N is defined as follows.

AL ¢ (0) = o0.
B’. Vn € N,g (n) is the smallest x € N such that (1) or (2') is true for x.

V. 3 e{1,2,--- ;m} such that f(n,z) < h;(n—x) or

2. 3 e {1,2,--- ,m} such that f(n,z) < h;(n+z) .

Note. Definition 9" is used in complicated two-pile games in which counters can be
removed and/or added back using arbitrarily complex rules as we explain in the appendix.
However, 9’ is not used in this paper.

Theorem 1 Suppose B satisfies definition 1 and the compatibility condition. Also f :
No x N — Ny satisfies P-1, P-2, ---, P-9, and h : Ny — {00} U N satisfies definition 8.
Vn € N, let n = by + by + -+ + by, by < by, < -+ < by, and each b;; € B, be computed
by algorithm 1. Also, ¢’ is computed from definition 9. For all n € N, conclusions A, B, C
follow from P-1, P-2, ---, P-9, and the fact that [g(z) < g(z) and h(x) € {g(z),g(x)}]
implies G () < h(z) < g (z).

A. Suppose n is semi-stable. Then ¢’ (n) =g(n) =7g(g(n)) =7 (b;), and f (n,g' (n)) <
h(n+g (n)).
B. Suppose n is binary. Then ¢’ (n) = g (n) =g(n) =b;,.

If n is binary and semi-stable, then from conclusion A, f (n,¢' (n)) < h(n+ ¢ (n)). If
n is binary and not semi-stable, then f (n,¢ (n)) < h(n —g¢ (n)).

C. Suppose n is non-binary and not semi-stable. Then (a) or (b) is true.

(a) Suppose g (n) -+ n is binary. Then ¢’ (n) =g (n) =g (b;,) < by, and f (n,g (n)) <
h(n+g (n)).

(b) Suppose g (n) + n is non-binary.



L If h(g(n)+n) = g(g(n)+n), then ¢'(n) = g(n) = g(b;,) < b and
fn,g'(n)) <h(n+g (n).

2. If h(g(n) +n) = g(g(n)+n), then ¢’ (n) = g(n) = by, and f(n,g'(n)) <
h(n—g'(n)).

Since theorem 1 is the main tool that we will now use, the reader can forget many of the
previous details.

Remark 2 Note that since g’ (0) = oo, theorem 1 means that ¢ satisfies definition 8.
This means that if g is used in the place of h, then ¢" also satisfies definition 8. Also,
g". ", - all satisfy definition 8.

The closure of ¢, ¢”,¢", ... is one reason why the applications of the basic theory are
endless. It is very important to note that ¢’ (n) depends only on the function h and the base
B and is independent of f(n,t). Of course, f(n,t) must satisfy P-1, P-2, ---  P-9, and h
must satisfy definition 8. But much more than this, Vn € N, ¢’ (n) depends on h in only
one small way. Vn € N, g’ (n) depends on A if and only if (a), n is non-binary and (b) n
is not semi-stable, and (c¢) g (n) + n is non-binary. When all three of (a), (b), (c) are true,
then ¢’ (n) depends only on which of the two values G (g (n) +n),g(g(n)+n) is taken by
h (g (n) + n). This is another reason why the applications are endless. We discuss this more
in the appendix.

Remark 3 Let h; : Ny — {oo} UN,i = 1,2,--- m, satisfy definition 8 and define
g : Ng — {00} UN as in definition 9. Then theorem 1 remains valid with an obvious
modification of conclusions c-a and c-b. This is another reason way the applications are
endless.

Remark 4 (Important). Let B satisfy definition 1 and the compatibility condition.
Also, f : Ny x N — N, satisfies P-1, P-2, ---  P-9. Let us suppose that the domain of
the h-function defined in definition 8 has been restricted to {0,1,2,---, M} and suppose
n € {0,1,2,--- , M}. As always, ¢'(0) = co. Modifying definition 9, Vn € N, let us define
¢’ (n) to be the smallest € N such that (1*) or (2*) is true for z.

(1*) f(n,x) < h(n—x) or

(2%) f(n,z) <h(n+z),1<z<M-—n.

The machinery of theorem 1 will compute ¢’ (n) exactly the same as before as long as
g(n)+n <M.

In particular suppose the domain of the h-function is restricted to {0,1,2,3, -+, bxy1}.



We now show that if 1 < n < bgyq, then g (n)+n < by, which means that theorem 1 remains
effective in computing ¢’ (n). (1). Suppose n = b, < by. Then G (b)) + by = b1 < brya-
(2). Suppose by < n < byy1 < bryr. (a). If n is semi-stable, from lemma 2 we see that
g(n)+n <bgg <bgyr. (b) If nis not semi-stable, from algorithm 1 and lemma 1, it is easy
to see that g (n) +n < b1 < bgy.

When g (n) +n > M, the machinery of theorem 1 breaks down in computing ¢’ (n), and
we must rely totally on properties P-4, P-5, P-6 and P-8. We will use remark 4 when we
analyze game 2, the two-pile game described in the abstract.

Section 4. We now use our basic machinery to study two games. We will first analyze
game 1, a very simple single-pile game.

Game 1. Let B satisfy definition 1. B need not satisfy the compatibility condition. Also
let f: Ngx N — Ny satisfy P-5 and P-8.

Two players alternate removing positive numbers of counters from a single pile of coun-
ters. On the first move of the game, the player moving first can remove from the pile at most
k counters, k being fixed at the start. On each subsequent move, a player can remove at most
f (n,t) counters where n was the pile size of the preceding position and ¢ was the number of
counters removed by his opponent on the preceding move. The winner is the last player to
make a legal move. Of course, the moving player cannot move if min(f(n,t),n) = 0.

As an example, suppose the moving player is facing a pile size of 10 counters and the
preceding pile size was 15 counters. This means his opponent removed 5 counters on the
preceding move. Also, suppose f(15,5) = 7. This means the moving player can remove
from the 10 counter pile 1,2,3,4,5,6, or 7 counters. If f(15,5) > 10, the moving player
could remove the entire 10 counters and immediately win. Also, if f (15,5) = 0, the moving
player cannot make a legal move, and the other player won the game.

Analysis of Game 1. Vn € N, define gq (n) to be the smallest winning move size for a pile

of n counters. Also, define go (0) = co. This means the removal of g (n) counters from a pile
of n counters is a winning move, but V1 < ¢ < go (n) the removal of ¢ counters from a pile of
n counters is a losing move. Of course, Vn € N, 1 < gy (n) < n. Since go (0) = oo, it is easy
to see that ¥n € N, go (n) is the smallest x € {1,2,3,--- ,n} such that f (n,z) < go (n — x).

From P-5 and P-8 it is easy to see by induction that Vn € N, go (n) = g (n) where g (n)
is defined in definition 6.

Game 2. Two players alternate removing a positive number of counters from two piles.
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On each turn the moving player chooses a pile and removes counters from this chosen pile.
On the first move of the game, the player moving first can remove from one pile at most k
counters, k being specified at the start. On each subsequent move, a player can remove from
one pile at most f (x — y,t) counters where ¢t was the number of counters removed by his
opponent on the preceding move, and x and y,x > y, are the two pile sizes in the preceding
position. The winner is the last player to make a legal move. Of course, the moving player
cannot move when f(z —y,t) =0 or z =y = 0. B is a base that satisfies definition 1 and
the compatibility condition, and f : Ny x N — N, satisfies all of P-1, P-2, ---, P-9.

As an example, suppose the moving player is facing pile sizes (15,10) and the pile sizes
of the preceding position were (30,10). This means his opponent removed 15 counters on
the preceding move. Also, suppose f (30 — 10,15) = f(20,15) = 6. This means the moving
player can remove 1,2, 3,--- ,6 from the 10 counter pile or he can remove 1,2, 3,--- ,6 from
the 15 counter pile. If f(20,15) = 0, he cannot move at all, and he loses the game.

In the rest of this paper, we are studying Game 2 using a given B and f.

Notation 1. Let the pile sizes of a position be x and y,x > y. Then the position can be
denoted (x,y). However, it is more convenient to denote a position by (a,b) where (a,b) =
(x —y,x). This means that b is the larger pile size and a is the difference between the larger
and smaller pile sizes. Note that the total number of counters is 2b — a. Also, note that
0<a<hb,
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Fig. 1 (a,b) = (z —y, x).

Definition 10. V position (a,b),0 < a < b, we define g’ (a,b) to be the smallest winning
move size, where ¢'(0,0) = oco. This means a winning move is to remove ¢’ (a,b) counters
from one of the two piles. Of course, ¢’ (a,b) by itself does not necessarily tell the player
from which pile g’ (a,b) can be removed. Also, V1 <t < ¢’ (a,b), the removal of t counters is
a losing move no matter from which of the two piles t is removed. Also, ¢’ (a,b) = oo means

that all moves are losing mowves.

Algorithm 2. In theorem 2, we prove that Vb > 0,¢' (0,0) = co. Using this fact, we see
that V1 < a < b, ¢’ (a,b) must be the smallest t € {1,2,--- ,a} such that (1) or (2) is true
fort.

(1) f(a,t) < ¢ (a—t,b—1t), where 1 < t < a, or (2) f(a,t) < ¢ (a+1t,b), where
1 <t<b—a In (2) we could write 1 < ¢t < min{a,b—a} but 1 <t < b— a is more
convenient.

To understand (1) and (2), note that if ¢ is removed from the larger pile in the position
(a,b), the new position becomes (a — t,b — t), and if ¢ is removed from the smaller pile, the
new position becomes (a + t,b). The reader can visualize this using figure 1. Since a = x—y,
algorithm 2 should now be easy to see.

In theorem 2 in addition to Vb > 0,¢'(0,b) = oo, we also show by induction that
Va,bsuch that 1 < a < b,¢' (a,b) € {g(a),g(a)}. This means that ¢’ (a —t,b—1t) €
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{gla—t),g(a—1t)} when 1 <t < a, and ¢’ (a+t,0) € {gla+1t),g9(a+1t)}, when 1 <
t < b—a. From this we see in (1) and (2) of algorithm 2 that ¢’ (a — t,b —t) and ¢’ (a + t,b)
are playing the roles of h(n —t) and h (n + t) respectively, and ¢’ (a,b) is playing the role
of ¢’ (n) in definition 9. Of course, in ¢’ (a + t,b), t is restricted to 1 <t < b — a. However,
from remark 4, this will not cause us a problem in using theorem 1 when we need it to prove
theorem 2. The reader should be able to quickly interpret (1). f(a,t) < ¢ (a —t,b—1), (2)
f(a,t) < ¢ (a+t,0b) in light of definition 9.

Definition 11. Vb, € B, let b; be the smallest member of {by, by+1, bgya, - - - } such that b; is
binary if such a b; exists. We define the binary degree of by, as dy(by) = j — k. If no such b;
exists, we define dy(by) = 00. Of course, dy(by) = 0 if by, itself is binary.

Definition 12. Suppose (by,b) is a position where by € B, by, < b. Also, suppose by, < b <
bui1. Then the degree of (by,b), denoted d (bg,b), is d(bg,b) = min{d, (bx),h — k}, where
min denotes the minimum and dy, (by,) is the binary degree of by. Of course, d (by,b) is always
finite and non-negative. Note that d(by,by) =0

In the following theorem 2, note that the function ¢’ : Ny x Ny — {oo} U N depends only
on the base B. We conjecture that if B satisfies definition 1 and f : Ny x N — Ny is an
arbitrary function, then theorem 2 is true for (B, f) if and only if f satisfies P-1, P-2, -- -
P-9.

Theorem 2 Suppose (a,b),0 < a < b, is an arbitrary, position in Game 2. Then the

following s true.
1. Ifa=10b,¢9(a,a) = g(a).
2. Ifa=0,4(0,b) = 0.
5. If1<a<b,g (a,b) €{g(a),g(a)}.
4. If a =b, € B, then

(a) ¢ (bg,b) = by if d(bg,b) is even, and

5. Ifb, < a < by, then
(a) ¢’ (a,b) = ¢ (a,bgs1) if b1 < b, and
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(b) g/ (CL,b) :g/ (a—bk,b—bk), Zfbk < b§ bk+1.

Remark 5 A rapid calculation of ¢’ (a,b) based on Theorem 2, and the winning moves

of Game 2 are included at the end of the paper.

Proof. Conclusion 1 is obvious from Game 1 since the position (a, a) is a single pile game and
g'(a,a) = go (a) = g (a). We will now deal with conclusions 2-5 by induction on the quantity
2b — a, which is the total number of counters in both piles. Now when 2b — a € {0,1},
we have no counters or one counter. This gives the two positions (0,0) and (1,1), and the
conclusions that apply are obviously true since ¢’(0,0) = 00, ¢’(1,1) = 1. Note that 1 € B
and 1 is always binary. So the induction is started, and we can just focus our attention on
an arbitrary position (a,b),0 < a < b.

Let us first prove conclusion 4 for (a,b), which means (a,b) = (b, b).

First, suppose d (bg,b) = 0. From definition 12, this means dj, (by) = 0 or by < b < by 1.
Since d (bg,b) is even, we need to show ¢’ (bg,b) = bg. From induction and algorithm 2,
g’ (bg,b) is the smallest t € {1,2,--- b} such that (1) or (2) is true for ¢.

1. f(bk,t)<g/(bk—t,b—t),1§t§bk, or
2. f(bk,t)<g/(bk+t,b),1§t§b—bk

By induction ¢’ (by — bk, b —bx) = ¢’ (0,b—0b) = oo,V1 < t < by, g (bp —t,b—1t) €
{g(bx —1),g(bk, — )}, and V1 <t < b — by, g' (b +¢,b) € {g(bx +1),9(bx + 1)}

A. First, suppose d; (by) = 0, which means by is binary. Therefore, g (by) = by and
bk+1 == bk + bk: = Qbk

From property P-6 and the last few sentences, we see that if 1 <t < b— 0 and t <
G(bg) = by, then f (b, t) > g (bp +1t) > ¢’ (b + t,b). Therefore, condition (2) of algorithm 2
is impossible when 1 < t < b;. Also, from property P-5, and the last few sentences, when
1<t <b,=g(by),f(bg,t)>gbp—1t)>g (b —t,b—1t).

Therefore, condition 1 of algorithm 2 is also impossible when 1 < t < b,. However,
f(bk,br) < ¢ (b — bg,b—br) = ¢’ (0,b— b)) = oo. This means condition (1) is satisfied

when t = by, which means ¢’ (b, b) = by.
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B. Still supposing d (bx,b) = 0, let d, (by) > 1. This means by < b < bgyq. Since
dy (br) > 1, this means by, is non-binary. That is, by — by = G (b)) < bg. In the above
condition (2), algorithm 2, we know that 1 <t < b — by < b1 — by = g (bx). That
is, 1 <t < g(bg). Now when 1 <t < G(bg), we can use property P-6 to see that
f(bg,t) > g (b +t) > ¢ (by +t,b). Therefore, condition (2), algorithm 2 is impossible
when 1 <t < G (bg). Also, repeating the argument in A, condition (1), algorithm 2
is also impossible when 1 <t < b,. Of course, condition (1), algorithm 2 holds when
t = by, since f (bx,br) < ¢’ (bx — b, b — b)) = ¢’ (0,b — by) = co. Combining A, B means
g (b, b) = by, when d (bg,b) = 0.

Next, suppose d (b, b) > 1. This means that byy1 < b and d; (by) > 1. This means that
by is non-binary, which means g (by) < bx. Let us now observe that g (by) + bx = bry1 < b.
From the second paragraph of remark 4 (using n = by, M = b) this means that we will be
able to apply theorem 1 directly to algorithm 2 since the domain of the A-function in theorem

1 that is used in algorithm 2 is big enough to allow this.

A. First, suppose by is binary. From definition 11, d, (bx) = 1 and from definition 12,
d (bk,b) = 1, which is odd. Therefore, we must show that ¢’ (bx,b) = g (bx) < bx. Since
br is non-binary and, of course, not semi-stable and since g (bx) + by, = bg1 is binary,

we can apply c-a, theorem 1 directly to algorithm 2 to see that ¢’ (bg,b) = 7 (bx) < bg.

B. Next, suppose g (bx) + by = bx11 is non-binary. Since b, is non-binary and not semi-
stable, from c-b, theorem 1 applied to algorithm 2, we know that ¢’ (b, b) is determined
by the value of ¢’ (g (bx) + bk, b) = ¢’ (bxs1,b). Now if d (by,b) is odd, we know from
definitions 11, 12 that d (bgy1,b) = d (by,b) — 1 is even, and by induction ¢’ (byy1,b) =
bi+1. From c-b-1, theorem 1, this means that ¢’ (b, b) = g (br) < bi. If d (b, b) is even,
then d (byy1,b) is odd, and by induction ¢’ (bgy1,0) = G (bgs1). From c-b-2, theorem
1, this means that ¢’ (bg,b) = g (bx) = bg. This completes the proof of conclusion 4,

theorem 2.

Next we prove conclusion 2 of theorem 2. This means (a,b) = (0,b), and the two piles
are equal. By symmetry, ¢’ (0,b) is the smallest 1 < ¢ < b such that f(0,t) < ¢’ (¢,0).
Now by induction with conclusion 3, ¢’ (¢,b) € {g(t),g(¢t)}. Also, from property P-9,
we know that Vt € N, f (0,t) > ¢g(t) > g (t). This means f (0,t) < ¢’ (¢,b) is impossible

which means ¢’ (0,b) = oo.
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We now prove conclusion 5 for (a,b). We will prove 5-b first, which means by < a < b <
br+1 and by < a < bpyq.

We will consider two subcases of this. Subcase 2 will be largely a repeat of the argument
given for subcase 1.

Subcase 1. b < bgyq.

Subcase 2. b = byy1.

Subcase 1. When a = b, from conclusion 1 (which we have already proved), algorithm
1, definition 6 (also see lemma 1) and the fact that by < a < bgy1, we see that ¢’ (a,a) =
g(a),d (a—bg,a—0by) = gla—"0b;) = g(a). This implies ¢’ (a,a) = ¢ (a — bg,a — by).
So we can now assume that by < a < b < bgr; and we must prove that ¢’ (a,b) =
g (a — b, b—by). As always, ¢’ (a,b) is the smallest ¢ € {1,2,3,--- ,a} such that

1. fa,t)<g (a—t,b—1t),1<t<aor
2. fla,t) < g (a+t,b),1<t<b—a.

Let us now show how (1) and (2) compare with the computation of ¢’ (a — by, b — by).
Now, ¢’ (a — bg, b — bg) is the smallest ¢ € {1,2,--- ,a — by} such that

1. f(a—bk,t)<g’(a—bk—t,b—bk—t),1Stga—bkor
2. fla—bgt)<g (a—be+t,b—b),1 <t<b—a.

In (2") we note that 1 <t < (b —b;) — (a — by) = b— a. This means that in both (2) and
(2') we have 1 <t <b—a.

In (1), (1') we know by induction with conclusion 2 that ¢’ (¢ — a,b—a) = ¢ (0,0 —a) =
oo, and ¢’ (a — b, — (a — b)) ,b— b, — (a — b)) = ¢’ (0,0 —a) = co. Also, in (1), (2), (1),
(2') for the other values of ¢, we know by induction with conclusion 3 that
(1) g (a—t.b—1) € {gla—1), 900 — 1)},

(2) ¢ (a+1,) € {gla+ ), g(a+1)},
3)¢g'(a—by—t,b—b,—t)e{gla—by,—1t),9g(a—0br—1t)} and

(4) ¢'(a —br +t,b—b) € {gla —br +1t),g(a — b +1)}.

As we previously explained, this means that both (1), (2) and (1), (2’) are in the exact same
form as definition 9 with the A-function having a restricted domain. Therefore, from remark
4, we must consider 2 cases, namely the case where theorem 1 is effective and where it is

not. We observe that g (a) =g (a —bx),g(a) =G (a — b).
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Case A. g(a)+ a < b, and equivalently g (a — by) + (a — b) < b — by.

In case A, theorem 1 computes both ¢’ (a,b) and ¢’ (a — by, b — by,) .

Case B. g (a) + a > b, and equivalently g (a — by) + (a — bg) > b — by.

In case B, theorem 1 computes neither ¢’ (a,b) nor ¢’ (a — by, b — by) .

Case A. From remark 4, we know that theorem 1 remains effective in computing both
¢ (a,b) and ¢’ (a — bg, b — by). Using algorithm 1, let us first write a = b;, +b;, +- -+ b;,—1 +
by, biy < by, < -+ < by, each b;; € B. Of course, ¢t > 2 since by < a < bgy1. We will now go

through the conclusions of theorem 1 for a and a — by in the order B, A, C.

B. First, we note that a is binary if and only if a — by is binary. Now if a and a — b, are
binary, from B, theorem 1, ¢’ (a,b) = g (a), and ¢’ (a — b, b — by) = g (a — by) = g (a),
which means ¢ (a,b) = ¢’ (a — bg,b — by). Therefore, we can now assume that both a

and a — by, are non-binary which means g (a) = g(a — b)) =g (b;,) < b;,.

A. Suppose a is non-binary and semi-stable. From conclusion A, theorem 1, ¢’ (a,b) =
g(a) = g(by) < by. Now if t > 3, we know that a — by, is also semi-stable. From
conclusion A, ¢’ (a — by, b—bx) = g(a—bx) = g(b;;) < b;,. This implies ¢’ (a,b) =
g (a — by, b —by). So let us suppose a is semi-stable and ¢ = 2. We will show that this
is impossible. Now if ¢ = 2 and a is semi-stable, then a = b;, + b, and b;, 11 = g (bx).
This means g(a) + a = g(b;,) + b;, + by = b, 41 + b, = br1. However, since we are in
case A, we know that g (a) + a < b. This means b1 < b. However, since we are also

in subcase 1, we know that b < by.1. So we have a contradiction.

C. Suppose a is non-binary and not semi-stable. This means a — by is also non-binary and
not semi-stable. Therefore, both a and a — b, come under conclusion ¢, theorem 1. We

will consider cases c-a, c-b, theorem 1.

C-a. Suppose g (a)+ a is binary. This means g (a — by) + (a — bx) = (g (a) + a) — by, is bi-
nary since a is not semi-stable. Therefore, from c-a, theorem 1, ¢’ (a,b) =g (a) = g (b;,) < by,
and ¢’ (a — bg,b—bx) =G (a — b)) =7 (b;,) < b;,. Therefore, ¢’ (a,b) = ¢’ (a — by, b — by,).

C-b. Suppose g (a) + a is non-binary which means g(a — bg) + (a — bx) = (g (a) +a) —
by is non-binary since a is not semi-stable. From c-b-1, c¢-b-2, theorem 1, we see that
¢ (a,b) is determined completely by the value of ¢’ (g (a)+ a,b). Also, ¢’ (a — by, b — by)

is determined completely and in exactly the same way by the value of ¢'(g(a — by) +
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(@ —bg),b—br) = ¢ (g(a) + a—bg,b—1b). Now from the definitions of case A and sub-
case 1, by < a < g(a) + a < b < bgyy. Therefore by induction with conclusion 5-b,
g (g(a)+a,b) =g (G(a)+a—"Dbg,b—"br) =g (gla—br)+ (a —bx),b— b). Now since a is
not semi-stable, it is easy to see that g (g (a) +a) = g(g(a —by) +a —bx) and g (g (a) + a) =
7(g(a—bg) +a—bg). Of course, we already know g (a) = g (a — by) and g (a) = g (a — by).
Using this with ¢-b-1 and ¢-b-2, theorem 1, we see that ¢’ (a,b) = ¢’ (a — by, b — by,) .

Case B. g(a) 4+ a > b and equivalently g (a — bi) + (@ — bg) > b — br. From remark 4,
we know that theorem 1 is not effective in computing ¢’ (a,b) and ¢’ (a — by, b — by). From
property P-6, we know that V1 < z < g(n), f(n,z) > ¢g(n+ z) which implies f (n,z) >
h (n + x) when h satisfies definition 8. Let us apply this to algorithm 2. Since §(a) +a > b
and since g (a —bg) + (a — by) > b — by, it follows that ¢’ (a,b) and ¢ (a — by, b — by) are
computed by the following simplified algorithms: ¢’ (a,b) is the smallest t € {1,2,--- ,a}
such that (1) f(a,t) < ¢'(a—t,b—1t),1 <t < a. Also, ¢’ (a — bg,b — bg) is the smallest
te{1,2,---,a—bg} such that (1') f(a —bx,t) < g (a—bpy—t,b—b—1),1 <t <a—b.

As stated before, in (1), we know by induction that ¢’ (a — a,b —a) = ¢’ (0,b — a) = oo,
and for 1 <t <a,¢ (a—t,b—t) €{g(a—1t),g9(a—1t)}. The same is true for (1).

Using algorithm 1, let a = b;; + b, + -+ + bj,—1 + b, by, < b, < -+ < b and each
b, € B. Of course, t > 2 since b, < a < bpy1. From property P-5, we know that V1 <
t<gl(a),f(at) > g(a—t) which implies f (a,t) > ¢’ (a —t,b—t). Also, from P-5, V1 <
t <gla—by) = gla),fla—bgt) > ¢ (a—by—1t,b—b,—t). Since by induction with
conclusion 3, ¢’ (a — b, b—b) € {g(a—br),g9(a—0br)} ={g(a),g(a)} and since g(a) <
g (a), we know from the preceding sentence that ¢’ (a — by, b — b)) = g (a — b)) = g (a) must
be true. This means that we must show that ¢’ (a,b) = ¢ (a) which means we must show
that f(a,g(a)) < ¢ (a—g(a),b—g(a)). If we can show that ¢’ (a —g(a),b—g(a)) =
g (a—g(a)), then from property P-8 we see that f (a,g(a)) < g(a — g(a)). And this means
g (a,b) = g(a) = g'(a— by, b—by).

For the position (a — g (a) ,b — g (a)), let us show that g(a — g (a))+a—g(a) > b—g(a).
Now g (a — g (a)) = g(b;,). Therefore, this inequality is true if and only if g (b;,) + a > b.
Since we are in case B, we know that g (a) + @ > b. That is, g(b;) +a > b. But since
a = b;, + by, + - -+ + by is in stable form, we know that g (b;,) < b;; < b;;+1 < G (b,). There-
fore, g (b;,) +a > b is true. Therefore, we now know that g(a — g (a))+a—g(a) > b—g(a).
Now by induction we know that ¢’ (a — g (a),b—g(a)) € {g(a —g(a)),g(a—g(a))}. Now
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if ga—g(a)) = gla—g(a)), then ¢'(a—g(a),b—g(a)) = g(a—g(a)). So suppose
g(a—g(a)) <g(a—g(a)). From the general algorithm 2 for computing ¢’ (a — g (a) ,b — g (a)),
from the fact that ¢'(a — g(a),b — g(a)) € {g(a — g(a)),g(a — g(a))} and the fact that
g(a—g(a))+a—g(a) > b—g (a) and from property P-5, we know that ¢’ (a — g (a) ,b — g (a)) #
g(a—g(a)). Therefore, ¢’ (a — g (a),b—g(a)) = g(a— g(a)), which completes case B.

Subcase 2. b = by, 1. From remark 4, we see that § (a)+a < by11 = b. Equivalently we see
that g (a — by)+a—by < b—by = bry1—bx. From remark 4, we know that theorem 1 is effective
in computing both ¢’ (a,b) = ¢’ (a,bg+1) and ¢’ (@ — b, b — b)) = ¢’ (@ — by, bpr1 — by). If we
handle subcase 2 by copying nearly word for word the proof given for case A of subcase 1,
we will discover just one flaw. This flaw occurs at the point in the proof where all of the
following are true: (1) a,a — by are non-binary; (2) a is semi-stable; and (3) ¢ = 2 which
means a = b;, + b,. We will correct this flaw.

Since a is semi-stable, b;, ;1 = G (bg). Since a is semi-stable and non-binary, from A,
theorem 1, ¢'(a,b) = ¢’ (a,bry1) =G (a) =G (bi,) < by,

We must show that g’ (@ — by, b — bi) = ¢’ (biy, ber — bi) = ¢ (b3, G (br)) = g' (biy, biy 1) =
G (b)) < by.

Now since b;, is non-binary, dy (b;;) > 1. Therefore, from definition 12, d (b;,,b;,+1) =
min (dy, (b;,), (i1 + 1) — i1) = 1, an odd number. Therefore, from induction with conclusion
4, we know that ¢’ (b, bi,+1) = 7 (bi,) < b, Therefore, ¢' (a,br+1) = ¢’ (@ — bg, b1 — bi).

Last, we prove 5-a of conclusion 5. This means by < a < by < b, and we need to show
g (a,b) = ¢’ (a,bry1). Since by < a < byr1 < b we again see from remark 4 that g(a) +a <
brr1 < b which means that theorem 1 is effective in computing both ¢’ (a,b) and ¢’ (a, bgy1)-

As always, we use algorithm 1 to write a = b;, +b;, +- -+ +b;,—1 + bg, bi; < by, < -+ < by,
each b;, € B. Again, t > 2 since by < a < bgy1. We go through the conclusions of theorem 1
for a in the order B, A, C.

B. First, if a is binary, from conclusion B, ¢’ (a,b) = ¢’ (a,bk+1) = g (a) =G (a) . So let us

now assume that a is non-binary.

A. If a is semi-stable, then from conclusion A, ¢’ (a,b) = ¢’ (a,bry1) = g (a). So we can
now assume that a is non-binary and not semi-stable, which means a comes under C,

theorem 1.

C. First, suppose g (a) + a is binary. From c-a, theorem 1, ¢’ (a,b) = ¢’ (a,br41) = G (a).
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Next, suppose g (a) + a is non-binary. From C-b, theorem 1, this means that ¢’ (a,b) is
determined by the value of ¢’ (g (a) + a,b) € {g(g(a) +a),g(g(a)+a)}. Of course, from
remark 4, if a is not semi-stable, then b, < a < g(a) + a < bry1 < b. From C-b, theorem 1,
we know that ¢’ (a, bgy1) is determined (in exactly the same way as ¢’ (a, b)) by the value of
9 (g(a) +a,bi1) € {g(9(a) +a),9(g(a) +a)}.

Since by < G (a) +a < bry1 < b, we see by induction with conclusion 5-a, theorem 2, that
¢ (G(0) +a,b) =g (§(a) +abe).

Therefore, from C-b, theorem 1, we see that ¢’ (a,b) = ¢’ (a, bgr1) -

Last, we prove conclusion 3. Conclusion 3 for the position (a,b) follows readily from
conclusions 1, 4, 5 for (a,b) and the induction of those positions that we have already taken
care of. In conclusion 5-b, note that algorithml, lemma 1, definition 6, and the fact that
by < a < bgyy imply g (a) = g(a —by) and g (a) = g (a — bg). This completes the proof of
theorem 2. 0

Theorem 3 shows how to compute ¢’ (a,b) efficiently.

Theorem 3 Consider an arbitrary position (a,b) in Game 2 where 1 < a < b. Let
a = by, + by, + -+ by, b;y < by < -+ < by, each by, € B, be computed by algorithm 1. If
t =1, then ¢ (a,b) is computed directly from conclusion 4, theorem 2. Therefore, suppose

t>2,andletb=x+0by, + by, +---+b;,. Of course, b;;, < x since a < b.
1. If by, <x <g(by), then ¢’ (a,b) = ¢ (byy,x) .

2. ]fg(bzz) < xz, then gl (CL, b) = g/ (bnag(bzz)) Of course, g/ (bi17'r) and gl (bnag(b%z))
can be computed from conclusion 4, and ¢’ (a,a) can be computed from conclusion 1,

theorem 2.
Proof. The proof, which is based on theorem 2, is left as a challenge to the reader. ]

Strategy for Game 2. First, for a position (a,b), we compute ¢’ (a,b). Theorem 1, prop-

erties P-1, P-2, --- P-8 and simple logic are sufficient to tell the winning player how to
move.
Therefore, suppose the winning player is confronted with a position (a, b). Since ¢’ (0,b) =

oo, we must assume that 1 < a < b.

1. Suppose ¢’ (a,b) =g (a) < g(a). A winning move is to remove g (a) from the smaller

pile and by property P-5 we know that the smaller pile must have g (a) counters in it.
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2. Suppose ¢' (a,b) = g (a).

(a) If g(a) < g (a), a winning move is to remove g (a) from the larger pile. Of course,
if the smaller pile does not have g (a) counters, we could not remove g (a) from
the smaller pile anyway. Therefore, if the smaller pile has g(a) counters, we use

c-b-1, theorem 1 to see this.
(b) Suppose g (a) = g (a), that is, a is binary.

1. If the smaller pile does not have g (a), a winning move is to remove g (a) from

the larger pile.
2. Suppose the smaller pile has g (a). Then from A, B, theorem 1, we know the

following.

A. If a is semi-stable, a winning move is to remove g (a) from the smaller
pile.
B. If a is not semi-stable, a winning move is to remove ¢ (a) from the larger

pile.

Appendix We have studied over a dozen applications of the basic theory, and all of
these are special cases of the following general model.

B is a base that satisfies both definition 1 and the compatibility condition. Also, f :
Ny x N — Ny satisfies P-1, P-2, ..., P-9. Two players are facing one or two piles of counters,
and they alternate moving. Using arbitrarily complex rules, each player on his turn does
the following where x > y are the two pile sizes in the preceding position and ¢ > 0 was the

move size of his opponent on the preceding move.
1. The moving player chooses t € {1,2,3,..., f(x —y,t)}.

2. The moving player adds ¢ counters to one of the piles or removes ¢ counters from one
of the piles in a way that depends on both his choice and the exact rules of the game.

The number £ is called the move size.

From our experience, we believe that an unlimited number of these games can be analyzed
using the basic theory. In some cases we have restricted B to be the Fibonacci base, for

example.
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As an example, for the first k& moves, where £ > 0 and fixed at the start of the game,
the moving player has the option of removing up to f(z — y,t) counters from the pile of his
choice or adding back up to f(x — y,t) counters to the pile of his choice, where an empty
pile is still considered to be a pile. But after k£ moves, the moving player can only remove
up to f(z — y,t) counters from the pile of his choice.

As another example, for the first k& moves of the game, the moving player might be
required to add back up to f(x — y,t) counters to the pile of his choice. But after £ moves,
the moving player must remove up to f(x — y,t) counters from the pile of his choice.

As a final example, for the first k, the moving player might be required to remove up
to f(x — y,t) counters from the larger pile. But after k£ moves, the moving player has the

option of removing up to f(z — y,t) counters from either pile as he chooses.
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