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Abstract—Several localized routing protocols guarantee the delivery of the packets when the underlying network topology is a
planar graph. Typically, relative neighborhood graph (RNG) or Gabriel graph (GG) is used as such planar structure. However, it is
well-known that the spanning ratios of these two graphs are not bounded by any constant (even for uniform randomly distributed
points). Bose et al. [11] recently developed a localized routing protocol that guarantees that the distance traveled by the packets is
within a constant factor of the minimum if Delaunay triangulation of all wireless nodes is used, in addition, to guarantee the delivery
of the packets. However, it is expensive to construct the Delaunay triangulation in a distributed manner. Given a set of wireless
nodes, we model the network as a unit-disk graph (UDG), in which a link uv exists only if the distance |luv|| is at most the maximum
transmission range. In this paper, we present a novel localized networking protocol that constructs a planar 2.5-spanner of UDG,
called the localized Delaunay triangulation (LDEL), as network topology. It contains all edges that are both in the unit-disk graph and
the Delaunay triangulation of all nodes. The total communication cost of our networking protocol is O(nlogn) bits, which is within a
constant factor of the optimum to construct any structure in a distributed manner. Our experiments show that the delivery rates of
some of the existing localized routing protocols are increased when localized Delaunay triangulation is used instead of several
previously proposed topologies. Our simulations also show that the traveled distance of the packets is significantly less when the
FACE routing algorithm is applied on LDEL, rather than applied on GG.

Index Terms—Delaunay triangulation, localized method, planar, routing, spanner, topology control, wireless networks.
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WE consider a wireless ad hoc network (or sensor
network) with all nodes distributed in a two-dimen-
sional plane. Assume that all wireless nodes have dis-
tinctive identities and each static wireless node knows its
position information,' either through a low-power Global
Position System (GPS) receiver or through some other way.
For simplicity, we also assume that all wireless nodes have
the same maximum transmission range and we normalize it
to one unit. By one-hop broadcasting, each node v can
gather the location information of all nodes within the
transmission range of u. Consequently, all wireless nodes V'
together, define a unit-disk graph UDG(V), which has an
edge uv if and only if the Euclidean distance ||uv|| between u
and v is less than one unit. Throughout this paper, a
broadcast by a node v means u sends the message to all
nodes within its transmission range. In wireless ad hoc
networks, the radio signal sent out by a node u can be
received by all nodes within the transmission range of w.
The main communication cost in wireless networks is to
send out the signal while the receiving cost of a message is

1. More specifically, it is enough for our protocol when each node knows
the relative position of its one-hop neighbors. The relative position of
neighbors can be estimated by the direction of arrival and strength of signal.
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neglected here. Consequently, throughout this paper, we
are interested in designing a protocol with a small total
number of messages sent out by all wireless nodes.

One of the key challenges in the design of ad hoc
networks is the development of dynamic routing protocols
that can efficiently find routes between two communication
nodes. In recent years, a variety of routing protocols [1], [2],
[3], [4], [5], [6] targeted specifically for ad hoc environment
have been developed. See [7], [8] for a review of most
routing protocols.

Several researchers proposed another set of routing
protocols, namely, the localized routing, which selects the
nextnode to forward the packets based on the information in
the packet header and the position of its local neighbors. Bose
and Morin [9] showed that severallocalized routing protocols
guarantee to deliver the packets if the underlying network
topology is the Delaunay triangulation of all wireless nodes.
They also gave a localized routing protocol based on the
Delaunay triangulation such that the total distance traveled
by the packet is no more than a small constant factor of the
distance between the source and the destination. However, it
is expensive to construct the Delaunay triangulation in a
distributed manner, and routing based on it might not be
possible since the Delaunay triangulation can contain links
longer than one unit.

Several researchers also proposed to use some planar
network topologies that can be constructed efficiently in a
distributed manner. Lin et al. [10] proposed the first
localized algorithm that guarantees delivery by memorizing
past traffic at nodes. Bose et al. [11] proposed to use the
Gabriel graph as the underlying structure for the FACE
routing method. Subsequently, Karp et al. [12] discussed, in
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detail, the medium access layer and conducted experiments
with moving nodes for the Face routing method. Barriére et
al. [13] extended the scheme on graphs which are fuzzy unit
graphs; that is, two nodes are connected if their distance is
at most r, not connected if the distance is at least R, and
may be connected otherwise. They showed that their
algorithm works correctly if R < +/2r. Routing, according
to the right-hand rule, which guarantees delivery in planar
graphs [9], is also used when simple greedy-based routing
heuristics fail.

However, it is well-known [14], [15] that the spanning
ratios of both RNG and GG are not bounded by any constant.
Here, given a graph H, a spanning subgraph G of H is a
t-spanner if the length of the shortest path connecting any two
points in G is no more than ¢ times the length of the shortest
path connecting the two points in H. Moreover, it was shown
by Bose et al. [14] that the spanning ratio of the Gabriel graph
on a uniformly random n points set in a square is almost
surely atleast Q(y/log n/ log log n). Thus, no matter how good
the routing method is, the spanning ratio achieved by
applying the method on the Gabriel graph or on the relative
neighborhood graph is at least Q(/logn/loglogn), almost
surely. Consequently, to make a localized routing protocol
efficient, we need to construct a planar spanner locally. Here, a
structure G can be constructed locally if every wireless node u
can decide the edges of G incident on u, by using only the
information of nodes within a constant hops. In this paper, we
design a localized algorithm that constructs a planar
t-spanner for the unit-disk graph, such that some of the
localized routing protocols can be applied on it. We obtain a
value of approximately 2.5 for the constant ¢. Notice that the
spanning ratio achieved by a specific routing method could
be much larger than the spanning ratio of the underlying
structure. Nonetheless, a structure with a small spanning
ratio is necessary for some routing method to possibly
perform well.

Our structure is based on the Delaunay triangulation.
Given a set of points V, the unit Delaunay triangulation,
denoted by UDel(V), is the graph obtained by removing all
edges of the Delaunay triangulation Del(V') that are longer
than one unit. It was proven in [16], [17] that UDel(V) is a
t-spanner of UDG(V). We then give a localized algorithm
that constructs a graph, called localized Delaunay graph
LDelV(V). We prove that LDelV(V) is a t-spanner by
showing that it is a supergraph of UDel(V). Additionally,
we prove that LDel) (V) has thickness two, i.e., it can be
decomposed to two planar graphs. We then show how to
make the graph LDelV) (V) planar efficiently without losing
the spanner property. The total communication cost of our
approach is O(nlogn) bits, which is optimal within a
constant factor. Notice that every node has to send at least
one message to its neighbors to notify its existence in any
protocol, which implies that the communication cost is at
least n logn bits for any protocol. We assume a node ID can
be represented by logn bits.

The precise worst-case upper bound on the communica-
tion costs to construct our planar spanner is (37¢ + 13p +
100)n bits, where ¢ is the number of bits required to
represent the unique node IDs, and p is the number of bits
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required to represent the geometric position of a node. Our
method operates in an asynchronous environment, and we
do not count the time it takes to build the structure. We do
not have nontrivial worst-case upper bounds on maintain-
ing the structure due to changes in the network configura-
tion, but believe the average case (assuming changes are
random) is acceptable due to the fact that, because the
structure is planar and planar graphs have at most 3n — 6
edges, the average degree of a node in the structure is at
most 6. Our belief is also based on the fact that inserting
nodes in a Delaunay triangulation in a random order results
in a O(nlogn) expected-time centralized algorithm [23].
When a node moves, the expected number of edges that are
affected is at most 6. Thus, the average cost of updating the
structure is small.

The Gabriel graph can be constructed with (¢+p+ 1)n
bits and is very easy to maintain when the network changes.
Thus, there is a trade off between the better worst-case
spanning ratio when applying the greedy routing schemes on
our structure and the higher cost of constructing and
maintaining it, compared to the Gabriel graph.

Previously, there were some approaches proposed to
approximate the Delaunay triangulation locally. Hu [18]
used the Delaunay triangulation to configure the wireless
network topology such that a planar graph with a bounded
node degree is computed. A major step in his method is that
each node v computes all Delaunay edges whose length is
no more than the transmission range. It used the Voronoi
diagram of node v to compute all such Delaunay edges.
However, this approach will not always work. A simple
observation is that, in order to determine whether an edge
uv belongs to the Delaunay triangulation, we have to check
whether certain circles passing through v and v are empty
(not containing wireless nodes in their interior). Obviously,
in the worst case, the circumradius of such a circle could be
infinity even when the edge length uv is bounded, implying
that we may have to check all nodes. Due to space limit, we
omit the detail of why the method in [18] will not work.
Moreover, it is unknown whether Hu's structure has a
constant spanning ratio.

A related result was published by Gao et al. [17]. The
conference version of this paper, [16], was obtained
independently and was submitted before [17] was pub-
lished. Gao et al. [17] proposed another structure, called
restricted Delaunay graph RDG and showed that it has good
spanning ratio properties and described how to maintain it
locally. They called any planar graph containing UDel(V) a
restricted Delaunay graph. They described a distributed
algorithm to maintain a RDG such that, at the end of the
algorithm, each node u maintains a set of edges E(u)
incident to u. Those edges E(u) satisfy that 1) each edge in
E(u) has length at most one unit; 2) the edges are consistent,
ie., an edge uwv € E(u) if and only if uv € E(v); 3) the graph
obtained is planar; and 4) UDel(V) is in the union of all
edges E(u).

Their algorithm works as follows: First, each node u
acquires the position of its 1-hop neighbors N;(u) and
computes the Delaunay triangulation Del(N;(u)) on Ni(u),
including wu itself. In the second step, each node u sends
Del(Ny(u)) to all of its neighbors. Let E(u) = {uv|uv €
Del(N;(u))}.Foreachedgeuv € E(u)and foreachw € Ny (u),
if w and v are in Nq(w) and uv ¢ Del(N;(w)), then node u
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deletes edge uv from E(u). They proved that, when the above
steps are finished, the resulting edges E(u) satisfy the four
properties listed above. The communication cost could be as
large as ©(n?), and the computation cost could be as large as
O(n?), which are much higher than ours.

Recently, Li et al. [19] also proposed another structure
partial Delaunay triangulation (PDT), which is a subset of
UDel(V) and a superset of Gabriel graph, for scatternet
formation in Bluetooth network. Unfortunately, PDT does
not have constant bounded spanning ratio.

Bose et al. [11] and Karp et al. [12] proposed similar
algorithms that route the packets using the Gabriel graph to
guarantee the delivery. Applying the routing methods
proposed in [11], [12] on the planarized localized Delaunay
graph LDel)(V), a better performance is expected because
the localized Delaunay triangulation is denser compared to
the Gabriel graph, but still with O(n) edges. Our simula-
tions show that the delivery rates of several localized
routing protocols are increased when the localized Delau-
nay triangulation is used. In our experiments, several
simple local routing heuristics, applied on the localized
Delaunay triangulation, have always successfully delivered
the packets, while other heuristics were successful in more
than 90 percent of the random instances. The greedy-based
localized routing schemes may still fail to deliver the packet
on localized Delaunay triangulation. Because the con-
structed topology is planar, we can use the right-hand rule
or Face routing to guarantee the delivery of the packets
from source node to the destination when simple heuristics
fail. The experiments also show that several localized
routing algorithms (notably, compass routing [20] and
greedy routing) also result in a path whose length is within
a small constant factor of the shortest path; we already
know such a path exists since the localized Delaunay
triangulation is a t-spanner. Notice that there is a difference
between the spanning ratio of the underlying structure and
the spanning ratio achieved by a specific routing algorithm.
Obviously, any routing method cannot achieve small
spanning ratio when it is applied on a structure with large
spanning ratio. We also conduct extensive simulations of
the Face routing method [11] and the Greedy Face Routing
method (applies the greedy routing whenever possible and
uses the Face routing if local minimum occurs) on the
localized Delaunay triangulation and the Gabriel graph. For
Face routing, we found that the worst-case spanning ratio
when localized Delaunay triangulation is used is signifi-
cantly less than the spanning ratio when Gabriel graph is
used, although the average spanning ratio achieved by
these two structures are almost the same when the network
has no more than 100 nodes. We expect our local Delaunay
triangulation to perform better when the number of nodes is
significantly large, since the spanning ratio of the Gabriel
graph on a set of n random points is (y/logn/loglogn).

The remainder of the paper is organized as follows: In
Section 2, we review some structures that are often used to
construct the topology for wireless networks. We define
localized Delaunay triangulations LDel® (V) and study
their properties in Section 3. Section 4 presents the first
localized efficient algorithm that constructs a planar graph,
PLDel(V), which contains UDel(V) as a subgraph. Thus,
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PLDel(V) is a planar t-spanner. The correctness of our
algorithm is justified in the Appendix. We demonstrate the
effectiveness of the localized Delaunay triangulation in
Section 5, by studying the performance of various routing
protocols on it. We conclude our paper and discuss possible
future research directions in Section 6.

2 PRELIMINARIES

2.1 Spanner

Let II;(u,v) be the shortest path connecting v and v in a
weighted graph G and ||II;(u, v)|| be the length of II;(u,v).
Then, a graph G is a t-spanner of a graph H if V(G) = V(H)
and, for any two nodes u and v of V(H), |Ig(u,v)| <
Mg (u, v)|| < ¢ g(u,v)|]. With H understood, we also call ¢
the length stretch factor of the spanner G.

There are several geometrical structures which are
proven to be t-spanners for the Euclidean complete graph
K (V) of a point set V. For example, the Yao graph [21] and
the #-graph [22] have been shown to be t¢-spanners.
However, both of these two geometrical structures are not
guaranteed to be planar in two dimensions.

Let goc(u,v) be the path found by a unicasting routing
method ¢ from node u to v in a weighted graph G and
lloc(u,v)|| be the length of the path. The spanning ratio
achieved by a routing method g is defined as maxq max,,

lloa (u, v)[|/ lluv]-

2.2 Delaunay Triangulation

We review the definition of Delaunay triangulation [23]. We
assume that all wireless nodes are given as a set V' of
n nodes in a two-dimensional space. Each node has some
computational power. We also assume that there are not
four nodes of V' that are cocircular. A triangulation of V' is a
Delaunay triangulation, denoted by Del(V), if the circumcir-
cle of each of its triangles does not contain any other nodes
of V in its interior. A triangle is called the Delaunay triangle
if its circumcircle is empty of nodes of V inside. It is well-
known that the Delaunay triangulation Del(V) is a planar
t-spanner of the completed Euclidean graph K (V). This was
first proven by Dobkin et al. [24] with upper bound %3 TR
5.08 on t. Then, Kevin and Gutwin [25], [22] improved the
upper bound on ¢ to be 33&% = %w ~ 2.42. The best-known
lower bound on ¢ is 7/2, which is due to Chew [26], and it is
widely believed to be the actual upper bound also.

2.3 Proximity Graphs

Besides the Delaunay triangulation, various proximity
subgraphs of UDG can be defined [27], [28], [29], [30], [21]
over a set of n two-dimensional wireless nodes V.

For convenience, let disk(u,v) be the closed disk with
diameter wv, let disk(u, v, w) be the circumcircle defined by
the triangle Auvw, and let B(u, r) be the circle centered at
with radius r. Let z(v) and y(v) be the value of the
z-coordinate and y-coordinate of a node v, respectively.

The constrained relative neighborhood graph, denoted by
RNG(V), consists of all edges uv such that ||uv|| < 1and there
is no point w € S such that ||uw|| < ||Juv| and |Jwv|| < ||uv].
The constrained Gabriel graph, denoted by GG(V'), consists of
all edges uv such that ||uv|| < 1 and the interior of disk(u,v)
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does not contain any node from V. The constmineﬂ ao graph
with an integer parameter k > 6, denoted by YG(V), is
defined as follows: Ateachnode u, any kequal-separated rays
originated at u define k cones. In each cone, choose the closest
node v to u with distance at most one, if there is any, and add a
directed link uv'. Ties are broken arbitrarily. Let Y G (V) be
the undirected graph obtained by ignoring the direction of
each link in YG(V).

The length stretch factor of RNG(V) is at most n — 1, see
[14]; and the length stretch factor of GG(V) is at most
vn — 1, see [31]. Several papers [32], [33], [27] have shown
that the Yao graph Y'G (V) has length stretch factor at most
#sm% However, the Yao graph is not guaranteed to be
planar. The relative neighborhood graph and the Gabriel
graph are planar graphs, but they are not spanners for the
unit-disk graph. In this paper, we are interested in locally
constructing a planar graph that is a spanner of the unit-
disk graph.

2.4 Localized Routing Algorithms

Let Ni,(u) be the set of nodes of V' that are within & hops of u
in the unit-disk graph UDG (V). A node v € Nj(u) is called
the k-neighbor of the node u. Usually, here, the constant & is
1 or 2, which will be omitted if it is clear from the context. In
this paper, we always assume that each node u of V' knows
its location and identity. Then, after one broadcast by every
node, each node u of V knows the location and identity
information of all nodes in Nj(u). The total communication
cost of all nodes to do so is O(nlogn) bits.

A distributed algorithm is a localized algorithm if it uses
only the information of all k-local nodes of each node plus
the information of a constant number of additional nodes.
In this paper, we concentrate on the case £ = 1. That is, a
node uses only the information of the 1-hop neighbors. A
graph G can be constructed locally in the ad hoc wireless
environment if each wireless node u can compute the edges
of G incident on u by using only the location information of
all its k-local nodes. In this paper, we design a localized
algorithm that constructs a planar t-spanner for the unit-
disk graph UDG(V) such that some localized routing
protocols can be applied on it. The localized construction
of the structure is attractive for wireless ad hoc networks
due to efficient updating of the structure in mobile
environment.

Assume a packetis currently atnode u, and the destination
nodeist. Several localized routing algorithms that use just the
local information of u to route packets (i.e., find the next node
vofu) were developed. Kranakis etal. [20] proposed to use the
compass routing, which basically finds the next relay node v
such that the angle /vut is the smallestamong all neighbors of
u in a given topology. Lin et al. [10], Bose et al. [11], and
Karp et al. [12] proposed similar greedy routing methods, in
which node u forwards the packet to its neighbor v in a given
topology whichis closest to ¢. Recently, Bose etal. [34], [9], [11]
proposed several localized routing algorithms that route a
packet from a source node s to a destination node t.
Specifically, Bose and Morin [9] proposed a localized routing
method based on the Delaunay triangulation. They showed
that the distance traveled by the packet is within a small
constant factor of the distance between s and t. They also
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proved that the compass routing and the greedy routing
method guarantee to deliver the packet if the Delaunay
triangulation is used.

3 LocAL DELAUNAY TRIANGULATION

In this section, we define a new topology, called local
Delaunay triangulation, which can be constructed in a
localized manner. We first introduce some geometric
structures and notations to be used in this section. All
angles are measured in radians and take values in the range
[0, 7]. For any three points p;, ps, and ps, the angle between
the two rays pips and p,p;s is denoted by Zpspi1ps or Zpapips.
The closed infinite area inside the angle /psp;p,, also referred
to as a sector, is denoted by /psp1ps without confusion to the
angle notation. The triangle determined by p;, ps, and pj is
denoted by Apipaps.

An edge uv is called constrained Gabriel edge (or simply,
Gabriel edge here) if ||uv|| < 1 and the open disk using uv as
diameter does not contain any node from V. It is well-known
[23] that the constrained Gabriel graph is a subgraph of the
Delaunay triangulation, more precisely, GG(V) C UDel(V).
Recall that a triangle Awuwvw belongs to the Delaunay
triangulation Del(V) if its circumcircle disk(u, v, w) does not
contain any other node of V' in its interior. To simplify the
proofs, from now on, we assume that there are no four nodes
of V cocircumcircle. If four nodes are on the same circle, a very
small random perturbation to their coordinates allows the
assumption above without causing any problems in the
actual network. It is easy to show that nodes u, v, and w
together cannot decide if they can form a triangle Auvw in
Del(V) by using only their local information. We say a node z
can see another node yif || zy|| < 1. The following definition is
one of the key ingredients of our localized algorithm.

Definition 1. A triangle Auvw satisfies k-localized Delaunay
property if the interior of the circumcircle disk(u, v, w) does
not contain any node of V' that is a k-neighbor of u, v, or w;
and all edges of the triangle Auvw have a length of no more
than one unit. Triangle Auvw is called a k-localized
Delaunay triangle.

Definition 2. The k-localized Delaunay graph over a node set
V, denoted by LDel™ (V'), has exactly all Gabriel edges and
the edges of all k-localized Delaunay triangles.

When it is clear from the context, we will omit the integer
k in our notation of LDel™ (V). Our original conjecture was
that LDelV) (V) is a planar graph and, thus, we can easily
construct a planar ¢-spanner of UDG(V') by using a localized
approach. Unfortunately, as we will show later, the edges of
the graph LDel™ (V) may intersect. While LDelM (V) is a
t-spanner, its construction is a little bit more complicated
than some other nonplanar ¢-spanners, such as the Yao
structure [21] and the #-graph [22]. But, we can make
LDel) (V) planar efficiently, a result we describe later in
this paper.

The k-localized Delaunay graph LDel*)(V) over a node set
V satisfies a monotone property: LDel**V (V) is always a
subgraph of LDel¥)(V') for any positive integer k.
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Fig. 1. The neighborhood configuration of edge uwv. Dashed lines (solid lines) denote edges with length > 1(< 1).

3.1 LDel™ (V) is a t-Spanner
The following lemma was proven by us in [16].

Lemma 1. Graph UDel(V) is a t-spanner of UDG(V) for
t < 2.42.

Theorem 1. Graph UDel(V) is a subgraph of the k-localized
Delaunay graph LDel™ (V).

Proof. We prove the theorem by showing that each edge uv
of the unit Delaunay triangulation graph UDel(V)
appears in the localized Delaunay graph LDel® (V).
For each edge uv of UDel(V), the following five cases are
possible (see Fig. 1 for illustrations).

Case 1: There is a triangle Auvw incident on uv such
that all edges of Auvw have length at most one unit.
Because the circumcircle disk(u,v,w) is empty of nodes
of V, triangle Awvw satisfies the k-localized Delaunay
property and, thus, edge uv belongs to LDel) (V).

Case 2: Each of the two triangles incident on uv has
only one edge longer than one unit.

Case 3: One triangle Auvw incident on wv has only one
edge with length larger than one unit and the other
triangle Auvz has two edges with length larger than one
unit.

Case 4: Each of the two triangles incident on uv has
two edges longer than one unit.

We prove Cases 2, 3, and 4 together. Assume the two
triangles are Auvw and Auvz. Let H,,,, be the half-plane
that is divided by uwv and contains node w. Then, edge uv
is not the longest edge in triangle Auvw and, thus, the
angle /uwv <%. This implies that the circumcircle
disk(u,v,w) contains disk(u,v) N Hyy,. Similarly, the
other half of disk(u,v) is contained inside the circumcir-
cle disk(u,v, z). Both disk(u,v,w) and disk(u,v, z) do not
contain any node of V inside. It implies that disk(u,v) is
empty, i.e., edge uv is a Gabriel edge. Consequently, edge
uv will be inserted to LDel® (V).

Case 5: There is only one triangle incident on uv and it
has at least one edge with length larger than one unit.
Similar to Cases 2, 3, and 4, we can show that disk(u,v) is
empty and, therefore, edge wv will be inserted to
LDel™ (V) as a Gabriel edge. O

3.2 LDel')(V) May Be Nonplanar

The definition of the 1-localized Delaunay triangle does
not prevent two triangles from intersecting or prevent a
Gabriel edge from intersecting a triangle. Fig. 2 gives
such an example with six nodes {u,v,w,z,y,z} that
LDelM)(V) is not a planar graph. Here, |juv| = |lzy| = 1,
and |juy|| = |lvy|| > 1. Node 2 is out of circumcircle of
disk(u,v,w). Triangle Awvw is a 1-localized Delaunay
triangle. If the node z does not exist, edge zy is a Gabriel
edge. The triangle Auvw intersects the Gabriel edge zy if

z does not exist, otherwise, it intersects the 1-localized
Delaunay triangle Axzyz. The example illustrated by Fig. 2
also implies that a triangle in LDel)(V) can intersect
many other edges (by creating equal-length Gabriel edges
Z1Y1, ToYa, - -+, which are parallel to Gabriel edge zy).

3.3 LDel)(V) Has Thickness 2

In this section, we claim that LDel") (V) has thickness two,
or, in other words, its edges can be partitioned in two
planar graphs. From Euler’s formula, it follows that a
simple planar graph with n nodes has at most 3n — 6 edges
and, therefore, LDel") (V) has at most 6n edges. The proof
of the following theorem is in the Appendix.

Theorem 2. Graph LDel") (V') has thickness 2.

Our construction algorithm of LDel™ (V) below also
implies that LDel(V) has a linear number of edges.
Theorem 2 gives a better constant.

3.4 LDel™(V), k > 2, Is Planar

Although we gave an example showing that LDel" (V) is
not always a planar graph, we will show that LDel®(V),
k > 2,1is always planar. Theorem 1 implies that each edge uv
of UDel(V) is either a Gabriel edge or forms a 1-localized
Delaunay triangle with some edges from UDel(V). Ob-
viously, any two edges in UDel(V) do not intersect. Thus,
each possible intersection in LDel®) (V) is caused by at least
one edge of some localized Delaunay triangle. We begin the
proof that LDel®(V), k>2, is planar by giving some
simple facts and lemmas.

Remark. If a Gabriel edge uv intersects an edge xy, then xy
does not belong to UDel(V).

Lemma 2. If a Gabriel edge ww intersects a localized Delaunay
triangle Axyz, then w and w cannot be both outside the
circumcircle disk(z,y, 2).

Proof. Let c be the circumcenter of the triangle Azyz. Then,
at least one of the z, y, and z must be on the different side

Fig. 2. LDel')(V) is not planar.



1040

of line uw versus the center ¢; say . If both v and w are
outside the circumcircle disk(z,y,z), then /fwxu>3.
Thus, z is inside disk(u,w), which contradicts that uw
is a Gabriel edge. O

Lemma 3. Let Auvw and Axyz be two triangles of LDel™ (V),
k> 1, and assume the edge uw intersects the triangle Axyz
and that disk(u,v, w) does not contain any of the nodes of
{z,y,z}. Then, disk(x,y, z) contains either u or w.

See the Appendix for the proof. The above lemma
guarantees that, if two k-localized Delaunay triangles Auvw
and Azyz intersect, then either disk(u,v,w) or disk(z,y, z)
violates the Delaunay property by just considering the
nodes {u,v,w,z,y, z}.

The following theorem gives more insight regarding
localized Delaunay graphs and it is never used later in the
paper. Its proof is immediate from Theorem 5.

Theorem 3. LDel® (V) is a planar graph.

In conclusion, we defined a sequence of localized
Delaunay graphs LDel™ (V), where 1 < k < n. All graphs
are t-spaner of the unit-disk graph with the following
properties:

UDel(V) C LDel®(V), for all 1 < k < n.
LDel*™)(V) C LDel®(V), for all 1 < k < n.
LDel®)(V) are planar graphs for all 2 < k < n.
LDelV (V) is not always planar.

4 LocALIZED ALGORITHM

In this section, we study how to locally construct a planar
t-spanner of UDG(V'). We use ¢ to denote the number of bits
required to represent the unique node IDs and p to denote
the number of bits required to represent the geometric
position of a node. When using big-Oh notation, we make
the reasonable assumption that both ¢ and p are O(logn).

Although the graph UDel(V) is a t-spanner for UDG(V),
it cannot be constructed locally. We can construct
LDel®(V), which is guaranteed to be a planar spanner of
UDel(V), but the total communication cost of this approach
could be O(mlogn) bits, where m is the number of edges in
UDG(V) and could be as large as O(n?). In order to reduce
the total communication cost to O(nlogn) bits, we do not
construct LDel® (V) and, instead, we extract a planar graph
PLDel(V) out of LDel) (V).

41 Algorithm

Recall that LDelV(V) is not guaranteed to be a planar
graph. Our algorithm first constructs LDel!) (V) and then
removes edges from it to make it planar. The result of the
algorithm is called PLDel(V) and we show later that it is
planar and that it contains UDel(V) as a subgraph (and,
therefore, it is a t-spanner of UDG(V)).

We assume that when a node sends out a message, all
neighboring nodes will receive this message immediately.

Algorithm 1: Localized Unit Delaunay Triangulation

1. Each wireless node u broadcasts an announce
message with its identity and location to its
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neighbors N;(u) and listens to the messages from
other nodes in N, (u).

2. Assume that node u gathered the location informa-
tion of Ni(u). It computes the Delaunay triangula-
tion Del(N;(u)) of its 1-neighbors N;(u), including u
itself.

3. For each edge uv of Del(N;(u)), let Auvw and Auvz
be two triangles incident on uv. Edge uv is a Gabriel
edge if both angles /uwv and /uzv are less than 7 /2.
Node u marks all Gabriel edges uv, which will never
be deleted.

4. Eachnode u finds all triangles Auvw from Del( Ny (u))
such that |low|| < 1 and /wuv > §. The node sorts the
edges uv € Del(N;(u)) in clockwise order and broad-
cast a proposal message. The proposal message
contains u’s ID, followed by the IDs of the ordered
nodes v with wv € Del(N;(u)). A single bit sent in
between two IDs of v and w indicates if Auvw is as
above, and we say that v is proposing that Auvw be
added to LDel™ (V). Then, node u listens to the
messages from other nodes in N, (u).

5. Each node u, after receiving a proposal message
from node v, computes if v is proposing adding
triangles Auvw and Awvz to LDelM (V). Then, u
computes if any of the triangles proposed by other
nodes belongs to Del(N;(u)). After computing all the
triangles, v broadcast an accept message which
contains the IDs of u, the clockwise list of vertices
v such that u computed that for some w the triangle
Auvw belongs to Del(Ny(u)), and a bit indicating if
two such consecutive v, form a triangle Auwv' of
Del(Ny(u)).

6. A node u adds the edges uv and uw to its set of
incident edges if the triangle Auvw is in Del(N(u))
and both v and w have sent either a propose message
or an accept message for triangle Auvw.

It turns out (see below) that the edges added by all
the vertices in this step form LDel (V). At this
moment, the planarization phase starts.

7. Each node u broadcasts a check message with its
ID and the position of all vertices v such that
uv € LDelM (V).

8. Based on the check messages sent by the nodes in
Ni(u), v computes for every 1-local Delaunay
triangle Auvw if any node is inside the circumcircle
of Auvw. If such a node is found, v discards the
triangle Auvw. Then, the node u sorts clockwise the
edges uv which are either Gabriel or belong to a
triangle of LDel™ (V) which was not discarded.

9. Each node u broadcasts an alive message, consisting
of its ID, followed by the IDs of nodes incident to u
and a single bit in between two such nodes v and w
telling if Auvw € LDelV(V) and Auvw was not
discarded.

10. Node u keeps the edge uv in its set of incident edges
if it is a Gabriel edge, or if there is a triangle Auvw €
LDelW (V) which appears in the alive messages of u,
v, and w. This implicitly creates the graph PLDel(V)
and finishes the algorithm.

We first claim that the graph constructed at the end of
Step 6 of the above algorithm is LDel™") (V). Indeed, for each
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triangle Auvw of LDelV (V), one of its interior angle is at
least 7/3 and Awvw is in Del(Ni(w)), Del(N:(v)), and
Del(Ny(w)). So, one of the nodes among {u,v,w} will
broadcast the message proposal to form a 1-localized
Delaunay triangle Auvw and the other two nodes will
accept the proposal. Thus, LDel™ (V) is a subgraph of the
constructed graph. Obviously, the constructed graph is also
a subgraph of LDel)(V) by definition, which in turn
implies that they are the same.

Second, we show that PLDel(V) is indeed a planar
graph.
Theorem 4. PLDel(V) is a planar graph.

Proof. Two Gabriel edges do not intersect. Then, every
intersection must involve a localized Delaunay triangle
Azyz which was broadcast alive by all three z, y, and 2.

Assume that an edge uw intersects a 1-localized
Delaunay triangle Azyz on an edge zy. Edge uw is either
a Gabriel edge or an edge of another 1-localized
Delaunay triangle, say Auvw. In either case, either
Lemma 2 or Lemma 3 implies that either « or w is inside
the disk(z,y, z). By symmetry, we assume w is inside the
disk(x,y, z). The triangle inequality implies that

[wz]| + [lwyll < [[uww]] + [lzy]] < 2.

The fact that triangle Axzyz is in PLDel(V) implies that
w &N, (x) U Ny (y) U Ny (2). Thus, ||wy|| > 1, which implies
that |luz| < 1. In other words, u € N;y(z).

When u broadcasts its check message, « does find out
the existence of a node inside disk(z,y, z). Then, = does
not broadcast Azyz in its alive message. We obtained a
contradiction, thus completing the proof. ]

Note that any triangle of LDel (V) not kept by the
algorithm is not a triangle of LDel® (V). Therefore, we
have:

Theorem 5. PLDel(V) is a supergraph of LDel® (V).

Next, we carefully analyze the communication cost of the
algorithm. There are five types of messages and each
includes a few bits to describe which type. Disregarding the
few other bits used by every message, we have:

1. announce messages contain in total n(p+ ¢) bits,
and

2. proposal messages contain in total 1lng bits.
Indeed, if the proposal of a node includes the
nodes vi,vs,...,v;, then for every 1 <i < j, either
vy > 5 or /viyuv; > % (where, for conveni-
ence, we assume vy = v; and v; = v;41). Immediate
geometric arguments imply that j < 10.

3. Each accept message contains the triangle incident
with some vertex u. Those triangles are either "big” or
”small” as defined in the proof of Theorem 2. The
graph given by big triangles and the graph given by
small triangles are planar. Using Euler’s formula, we
obtain that there are at most 4n triangles accepted by
two nodes. In total, at most 6n triangles are implicitly
proposed. Counting multiplicity (some proposed
triangles are accepted once and some are accepted
twice), a total of 10n triangles are accepted—each
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contributing one ID to the communication cost. As
each accept message also contains the ID of the sender,
a total of at most 11n IDs are broadcast by accept
messages.

4. Each check message contains the ID of anode v and a
number of positions corresponding to u’s neighbors in
LDelM (V). As LDel) (V) has a thickness of two, it has
at most 6n edges and, therefore, a total of at most
12n positions are broadcast in check messages.

5. Each alive message contains the ID of a node v and a
number IDs corresponding to u’s neighbors in
LDelM(V), and bits indicating whether consecutive
neighbors make a triangle not yet discarded. As
shown above, there are at most n + 12n = 13n IDs
broadcast.

From the previous discussion, Theorem 1, Theorem 2,
and the results of [16], [17] regarding the spanning ratio of
UDel(V), we obtain:

Theorem 6. PLDel(V) is planar %ﬂ'—spanner of UDG(V),
and can be constructed with total communication cost of
n(37¢+ 13p + 100) bits, where g is the number of bits
required to represent a node ID, p is the number of bits
required to represent the position of a node, and 100 bits are
used to represent all messages types.

Recently, Calinescu [35] presented a localized method
such that all wireless nodes collectively find the 2-hop
neighbors Ny(u) for every node u with O(nlogn) commu-
nication complexity with the assumption that the geometric
location of every node is known. The knowledge of the 2-hop
neighbors information allows the direct construction of
LDel?(V). However, the hidden constant of [35] is much
larger than the constant presented here.

5 ROUTING

In this section, we discuss how to route packets on the
constructed graph. Recently, Bose and Morin [9] first
proposed a localized routing algorithm that routes a packet
using the Delaunay triangulation and guarantees the
distance traveled by the packet is no more than a small
constant factor of the distance between the source and the
destination nodes. However, this algorithm has a major
deficiency by requiring the construction of the Delaunay
triangulation and the Voronoi diagram of all wireless
nodes, which could be very expensive in distributed
computing. Bose et al. [11] also proposed another method,
called Face routing, that routes the packets using the
Gabriel graph to guarantee the delivery. The Gabriel graph
is a subgraph of PLDel(V). Thus, if we apply the routing
method proposed in [11] on the newly proposed planar
graph PLDel(V), we expect to achieve better performance
because PLDel(V) is denser than the Gabriel graph (but,
still with O(n) edges). The constructed local Delaunay
triangulation not only guarantees that the length of the
shortest path connecting any two wireless nodes is at most a
constant factor of the minimum in the unit-disk graph, but
it also guarantees that the energy consumed by the path is
also minimum, as it includes the Gabriel graph (see [36],
[27]). Moreover, because the constructed topology is planar,
a localized routing algorithm using the right-hand rule
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Fig. 3. Shaded area is empty and v is next node.

guarantees the delivery of the packets from source node to
the destination node.

We study the following routing algorithms, illustrated by
Fig. 3, on the graphs proposed in this paper.

Compass Routing (Cmp) Let t be the destination node.
Current node u finds the next relay node v such that
the angle /vut is the smallest among all neighbors of u in
a given topology. See [20].

Random Compass Routing (RndCmp) Let u be the current
node and ¢ be the destination node. Let v; be the node on
the above of line ut such that /v, ut is the smallest among
all such neighbors of u. Similarly, we define v, to be
nodes below line ut that minimizes the angle /vyut. Then,

node u randomly chooses v; or v, to forward the packet.
See [20].

Greedy Routing (Grdy) Let t be the destination node. Current
node u finds the next relay node v such that the distance
|lvt|| is the smallest among all neighbors of u in a given
topology. See [11].

Most Forwarding Routing (MFR) Current node u finds the
next relay node v such that ||o't|| is the smallest among all
neighbors of u in a given topology, where ¢/ is the
projection of v on segment ut. See [10].

Nearest Neighbor Routing (NN) Given a parameter angle ¢,
node u finds the nearest node v as forwarding node
among all neighbors of u in a given topology such that
/vut < a.

Farthest Neighbor Routing (FN) Given a parameter angle «,
node u finds the farthest node v as forwarding node
among all neighbors of u in a given topology such that
/vut < a.

It is shown in [11], [20] that the compass routing, random

compass routing, and the greedy routing guarantee to
deliver the packets from the source to the destination if
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Delaunay triangulation is used as network topology. They
proved this by showing that the distance from the selected
forwarding node v to the destination node ¢ is less than the
distance from current node u to t. However, the same proof
cannot be carried over when the network topology is Yao
graph, Gabriel graph, relative neighborhood graph, and the
localized Delaunay triangulation.

We present our experimental results of various routing
methods on different network topologies. Fig. 4 illustrates
some network topologies discussed in this paper. Recall
that Gabriel graph, relative neighborhood graph, Delau-
nay triangulation, LDel®(V), and PLDel(V) are always
planar graphs. The Yao structure, Delaunay triangulation,
LDel®(V), and PLDel(V) are always a t-spanner of the
unit-disk graph. We use integer parameter k=38 in
constructing the Yao graph. In the experimental results
presented here, we choose total n =50 wireless nodes
which are distributed randomly in a square area with side
length 100 meters. Each node is specified by a random
z-coordinate value and a random y-coordinate value. The
transmission radius of each wireless node is set as
30 meters. We randomly select 10 percent of nodes as
source nodes and, for every source node, we randomly
choose 10 percent of nodes as destination nodes. The
statistics are computed over 10 different node configura-
tions. Interestingly, we found that, when the underlying
network topology is Yao graph, LDel®(V), or PLDel(V),
the compass routing, random compass routing, and the
greedy routing delivered the packets in all our experi-
ments. Table 1 illustrates the delivery rates of different
localized routing protocols on various topologies. For
nearest neighbor routing and farthest neighbor routing,
we choose the angle a=n/3. The LDel® (V) and
PLDel(V) graphs be preferred over the Yao graph
because we can apply the right-hand rule when previous
simple heuristic localized routing fails. The reason that the
compass, random compass, and greedy methods are able
to guarantee the delivery of the packets in our simulations
may be as follows: When the transmission range of a node
is large enough, the localized Delaunay triangulation of a
randomly uniformly distributed point set is almost the
same as the Delaunay triangulation (this can be proven
[37]). We already know that these three methods
guarantee delivery if Delaunay triangulation is used.
RNG and GG have small delivery rate when these simple
localized heuristics are used since these two structures
have less edges than other structures and, therefore, each
node often has less choices of nodes to relay messages.
Table 2 illustrates the maximum spanning ratios achieved
by different routing methods on various topologies. In our
experiment, these ratios are considerably small.

Fig. 4. Various planar network topologies (except Yao).
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TABLE 1
The Delivery Rate of Different Localized Routing Methods on
Various Network Topologies

Yao | RNG | GG | Del | LDel® | PLDel
NN 98.7| 44.9 | 83.2|99.1| 97.8 | 983
FN 975| 49 |8L7|921| 97 97.6
MFR 98.5| 785 | 96.6 | 95.2 | 96.6 | 99.7
Cmp 100 | 86.6 | 99.6 | 100 100 100
RndCmp | 100 | 91.7 | 99.9 | 100 100 100
Grdy 100 | 87.5 | 99.6 | 100 | 100 100

We also conducted extensive simulations of the Face
routing method [11] and the Greedy-Face-Greedy (GFG)
routing method [38] on the Gabriel graph and the local
Delaunay triangulation LDel'(V). We choose n = 20,
30,---,90,100 nodes randomly and uniformly distributed
in a square of length 100 meters. The uniform transmission
range of nodes are set as r, where r varies from 30, 40, 50, 60,
or 70 meters. Since it will be hard to control the network
density directly, we change the network density by
indirectly changing the number of nodes in the network
or the transmission range of the nodes. A large number of
nodes or larger transmission range will result in a denser
network. See Tables 3 and 4. For a given point set, we
randomly select 10 percent of nodes as sources and
10 percent of nodes as targets. The maximum and average
spanning ratio is computed for all chosen pair of nodes.
Given n and r, we generate 10 sets of random n points. We
found that the spanning ratio of the Face routing method is
significantly smaller when the local Delaunay triangulation
is used instead of the Gabriel graph. This may be due to the
fact that local Delaunay triangulation has more edges, thus
the number of faces traversed by the Face routing algorithm
is often smaller when LDEL is used than when GG is used.
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TABLE 2
The Maximum Spanning Ratio of Different Localized Routing
Methods on Various Network Topologies

Yao | RNG | GG | Del | LDel®® | PLDel
NN 19 21 |19 |17 1.8 1.9
FN 4.2 28 | 2.7 |52 3.4 3.1

MFR 48| 32 |24 |45 3.9 4.1
Cmp 33| 29 28|16 1.8 2.0
RndCmp | 2.7 | 3.0 | 24 | 1.7 2.0 1.8
Grdy 210 35 (2220 1.9 1.9

The average spanning ratios of the GFG method on the
Gabriel graph and the local Delaunay triangulation are
similar when the number of nodes in the network is no
more than 100. We expect our local Delaunay triangulation
to perform better when the number of nodes are signifi-
cantly large since, the spanning ratio of the Gabriel graph

on a set of n random points is about Q(/logn/loglogn).
When n is small, Q(y/logn/loglogn) is almost a small

constant, but when n is large, Q(y/logn/loglogn) cannot be
treated as a small constant anymore. Notice that our local

Delaunay triangulation guarantees that there is always a
path to connect any two nodes with length no more than
2.5 times the length of the shortest path connecting them in
the original UDG.

6 CONCLUSION

It is well-known that Delaunay triangulation Del(V) is a
t-spanner of the completed graph K (V). In this paper, we
defined several new structures and then gave a localized
algorithm that constructs a graph, namely, PLDel(V). We
proved that PLDel(V) is a planar graph and it is a t-spanner
by showing that UDel(V) is a subgraph of PLDel(V). The

TABLE 3
The Maximum Spanning Ratio of Face (over the Fraction Line) and GFG (under the Fraction Line) Routing Methods
on the Gabriel Graph and Local Delaunay Triangulation

n 0.3 04 0.5 0.6 0.7 n 0.3 0.4 0.5 0.6 0.7

20 11.5/7.6 | 15.4/4.9 | 9.9/1.7 | 18.4/1.6 | 13.0/1.6 20 10.6/55 | 7.8/1.6 | 9.6/3.7 | 132/1.6 | 7.7/1.6
30 | s4.2/5.8 | 17.9/5.6 | 18.3/2.0 | 14.7/2.0 | 21.5/3.1 30 10.3/6.6 | 14.2/4.5 | 33.3/4.1 | 14.2/22 | 13.9/2.1
40 | 22.7/16.6 | 21.1/9.3 | 14.7/9.8 | 16.2/4.6 | 15.6/13.8 40 | 18.0/12.3 | 24.1/2.2 | 21.4/2.6 | 30.5/10.3 | 14.9/1.8
50 | 15.4/1.9 | 206/1.8 | 31.5/1.9 | 14.6/1.6 | 18.0/2.0 50 | 11.3/2.3 | 21.6/1.8 | 147/1.5 | 23.2/2.1 | 20.1/2.3
60 | 27.6/7.6 | 17.3/1.6 | 18.5/1.7 | 19.1/142 | 25.7/1.8 60 | 18.3/2.8 | 21.9/1.9 | 22.0/1.7 | 16.2/2.2 | 17.4/2.8
70 | 25.3/17.7 | 30.4/9.9 | 19.5/1.9 | 22.0/2.6 | 20.9/1.9 70 | 23.0/1.6 | 60.2/1.8 | 31.0/1.8 | 19.0/1.9 | 22.8/1.8
80 | 30.1/1.7 | 49.4/1.6 | 22.4/1.7 | 20.8/6.5 | 23.4/1.7 80 | 2a.7/11.2 | 24.4/2.2 | 20.6/2.8 | 33.9/2.2 | 13.6/5.4
90 | 16.0/1.9 | 33.7/2.8 | 14.9/3.7 | 32.2/104 | 19.8/1.9 90 | s1.5/1.9 | 20.1/2.2 | 20.2/3.0 | 52.8/2.0 | 50.4/1.8
100 | 19.2/2.5 | 43.8/35 | 13.5/2.9 | 54.6/3.9 | 24.6/2.7 100 | 24.9/2.6 | 11.1/4.4 | 17.2/2.2 | 18.7/9.2 | 24.8/2.9

On Gabriel graph

On local Delaunay triangulation
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TABLE 4
The Average Spanning Ratio of Face (over the Fraction Line) and GFG (under the Fraction Line) Routing Methods
on the Gabriel Graph and Local Delaunay Triangulation
n 0.3 04 0.5 0.6 0.7 n 0.3 04 0.5 0.6 0.7
20 | 3.0/1.8 | 2.7/1.2 | 2.7/1.2 | 3.0/1.1 | 2.4/1.2 20 | 2.9/1.3 | 2.5/1.1 | 3.0/1.1 | 2.6/1.1 | 2.2/1.1
30 | 34/1.3 | 3.2/1.2 | 3.7/1.2 | 3.3/1.2 | 3.6/1.2 30 | 3.2/1.2 1 29/1.2 | 3.5/1.2 | 2.9/1.2 | 3.4/1.2
40 | 4.2/1.2 | 3.8/1.2 | 3.7/1.3 | 3.6/1.2 | 3.7/1.3 40 | 3.9/1.2 | 3.8/1.2 | 4.2/1.2 | 3.5/1.2 | 4.2/1.2
50 | 4.4/1.2|43/1.2 | 4.6/1.2 | 3.8/1.2 | 4.0/1.2 50 | 3.3/1.2 | 4.0/1.2 | 4.2/1.2 | 3.9/1.1 | 4.0/1.2
60 | 4.6/1.2 | 4.4/1.2 | 4.5/1.2 | 4.6/1.3 | 4.6/1.2 60 | 4.4/1.2 | 5.0/1.2 | 4.7/1.2 | 4.4/1.2 | 4.4/1.2
70 | 5.2/1.2 | 4.9/1.2 | 4.9/1.2 | 5.0/1.2 | 5.0/1.2 70 | 4.9/1.1 | 5.3/1.2 | 5.5/1.2 | 4.9/1.2 | 5.0/1.2
80 | 5.1/1.2 | 5.5/1.2 | 5.7/1.2 | 5.1/1.2 | 5.3/1.2 80 | 5.2/1.2 | 5.4/1.2 | 5.1/1.2 | 5.4/1.2 | 5.0/1.2
90 | 5.0/1.2 | 4.9/1.2 | 4.7/1.3 | 5.2/1.2 | 5.5/1.2 90 | 5.5/1.2 | 59/1.2 | 5.6/1.2 | 5.6/1.2 | 5.3/1.2
100 | 5.2/1.2 | 5.8/1.2 | 6.3/1.2 | 5.8/1.3 | 5.6/1.2 100 | 6.1/1.3 | 5.2/1.2 | 6.0/1.2 | 6.0/1.4 | 6.4/1.2
On Gabriel graph On local Delaunay triangulation

total number of messages sent by all nodes in our algorithm
is O(nlogn) bits. Our experiments showed that the delivery
rates of existing localized routing protocols are increased
when localized Delaunay triangulation is used instead of
several previously proposed planar topologies. Our simula-
tions also shows that the traveled distance of the packets is
significantly less when the FACE routing algorithm or GFG
routing is applied on LDEL than applied on GG.

We proved that the shortest path in PLDel(V') connect-
ing any two nodes u and v is at most a constant factor of the
shortest path connecting v and v in UDG. It remains open
designing a localized algorithm such that the path traversed
by a packet from u to v has length within a constant of the
shortest path connecting v and v in UDG.

Recently, Li et al. [39], [40] present a novel method to
construct bounded degree planar spanner locally.

APPENDIX

We start this with the proof of Lemma 3, which we restate
below:

Lemma 4. Let Auvw and Awxyz be two triangles of LDel™ (V),
k> 1, and assume the edge xy intersects the triangle Auvw
and that disk(x,y,z) does not contain any of the nodes of
{u, v, w}. Then, disk(u,v,w) contains either x or y.

The following lemma is implicitly used in its proof.

Lemma 5. If an edge xy intersects a localized Delaunay triangle
Auvw, then it intersects two edges of Auvw.

Proof. If it intersects one edge of Auvw, then either = or y
must be inside Auvw, say z. Then zu < max(uv,uw) <1,
which contradicts that Auvw is a localized Delaunay
triangle. a

We present some other useful facts and lemmas.

Lemma 6. If an edge xy intersects a localized Delaunay triangle
Auvw, then x and y can not be both inside the circumcircle
disk(u, v, w).

Proof. For the sake of contradiction, assume that z and y are
both inside disk(u,v,w). Fig. 5 illustrates the proof that
follows. Notice that disk(u,v,w) is divided into four
regions by the triangle Auvw. Let uv, vw, and wu be the
three fan regions defined by edges wv, vw, and wu,
respectively. First of all, neither = nor y can be inside the
triangle Auvw. Assume that x is inside the region uv and
y is inside the region vw. Then, one of the angles /uwv
and /vuw is less than 7, which implies that one of the
angles /urv and /vyw is larger than 7. Thus, either vy <
vw <1 or vz <wvu < 1. In other words, the disk(u, v, w)
contains a node from N (v). This contradicts that Auvw is
a k-localized Delaunay triangle. O

We now present the proof of Lemma 3.

Proof. There are three cases: triangles Auvw and Azyz share
two nodes (i.e., one edge), one node, or do not share any
node.

Case 1: Triangles Auvw and Axzyz share one edge.

Fig. 5. Points z,y cannot both be inside disk(u,v, w).



y

Subcase 3.1

Subcase 3.2

(a) (b)

Fig. 6. All or four edges of two triangles intersect.

Case 2: Triangles Auvw and Axyz share one node.
These two cases are impossible. See the proof of
Theorem 10 in the Appendix of our conference version
[16].

Case 3: Triangles Auvw and Azyz do not share any
node. It is not difficult to show that there are only two
possible subcases as illustrated by Fig. 6.

Subcase 3.1: All edges of Azyz and Awvw are
intersected by some edges of the other triangle.
Assume that the nodes have the order as illustrated
by the Fig. 6a. Then, it is easy to show that all angles
lwzxu, [xuy, fuyv, [yvz, [vzw, and /zwz are less than .
Notice that /wzru+ /wvu < m because x is not inside
the circumcircle disk(u, v, w). Similarly, /uyv + fuwv < 7
and /vzw + /vuw < 7. Therefore,

lwzru + Luyv + lvzw < 31 — (Lwou + Luwv + Lvuw) = 2.

Notice that
/wxu + /uyv + lvzw + lxuy + /yvz + /zwx = 4T

It implies that /zuy+ /yvz+ lzwx > 27 Then, we
know that at least one of the nodes of u, v, and w is
contained inside the circumcircle disk(z,y,z) (other-
wise by symmetry, similarly, we would have
lzuy + Lyvz + Lzwx < 27). We prove that Subcase 3.1
is impossible. For the sake of contradiction, assume
that it is possible. Then, from the proof of Subcase 3.1,
either disk(u,v,w) contains one of the nodes of z, v,
and z; or disk(z,y,z) contains at least one of the nodes
of u, v, and w. Without loss of generality, assume that
node z is contained in the interior of disk(u,v,w).
Then, Lemma 6 implies that both y and z are outside
of disk(u,v,w). Fig. 7 illustrates the proof that follows.
The existence of triangle Auvw implies that |jzul| > 1,
|lzv]| > 1, and |lzw| > 1. Notice that |zy| <1 and
lzz|| <1. Let ¢ be the circumcenter of the triangle
Auvw. Here, ¢ cannot be x because zu > 1, xy < 1, and
y is outside of the circle. The angle /uzv <% because
uwv must be the shortest edge of triangle Auaxv.
Consider the following five segments lying in the
interior of the wedge uzv: zv, zz, 2w, zy, and zu. From
the pigeonhole principle, there are at least three such
segments lying on the same side of the line zc. More
precisely, we have either zv, 2z, and zw on the same

LI ET AL.: LOCALIZED DELAUNAY TRIANGULATION WITH APPLICATION IN AD HOC WIRELESS NETWORKS 1045

Fig. 7. Subcase 3.1 is impossible.

side of xc or zw, xy, and xu are on the same side of xc.
Without loss of generality, assume that the first
scenario happens. Then, it is easy to prove that
lzz|| > min(xv, zw) > 1. This contradicts to |zz| < 1.
Fig. 7b illustrates the proof using that

2 2 2
[zl = [lze]™ + llevll” = 2[lze]| - [[ev] - cos(Zzev),

and |lev|| = ||¢Z|| = ||cw||. Therefore, the assumption that
Subcase 3.1 is possible does not hold.

Subcase 3.2: One edge of each triangle is not
intersected by the edges of the other triangle. We prove
that disk(z,y, z) contains at least one of the nodes of u
and w. Fig. 6b illustrates the proof that follows. Let 2’ be
the intersection point of segment zz with the circumcircle
disk(u,v,w), which is closer to z. Let 2’ be the intersection
point of segment uz with the circumcircle disk(u, v, w).
Let 2” and ¢/ be the two intersection points of segment zy
with the circumcircle disk(u, v, w), where 2" is closer to x
and v/ is closer to y. Then,

lxzu < /7' u = /2'wu < /rwu, and

lwyr < lwy' 2" = fwux” < lwuz.

Notice that /yzu + /zux + /uzw + /zwy + /wyz = 3. Then,

(Lyzz + Lywz) + (Lzyz+Lzux) =31 — (lezu + lwyx + Lluzw)

> 31 — (lewu + fwux + luzw) =27

So, either /yzx + /ywx > w or /zyx + /zux > 7 from the
pigeonhole principle. Consequently, disk(zx,y, z) contains
either node w or node w. O

We present the proof that graph L Del!) (V) has a thickness

of two.
Proof. We prove that LDelY)(V) has thickness two or, in

other words, its edges can be partitioned in two planar
graphs. Call a triangle Azyz of LDelV)(V) big if the
radius of disk(u, v, w) is at least one, and small otherwise.
A Gabriel edge can be thought as a small triangle, as if
one of its endpoints is duplicated. Put all the Gabriel
edges and the edges of small triangles in the graph G,
and all the edges of the big triangles in G, possibly
putting an edge in both G, and G if it is shared by a
small triangle and a big triangle. In the following, we
show that both G;; and G5 are planar. More precisely, we
prove that any intersection of two edges of LDelV)(V)
involves a big triangle and a small triangle, or a big
triangle and a Gabriel edge.
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Fig. 8. (a) No two big triangles intersect. (b) No two small triangles
intersect.

First, we show that the edges of two big triangles
cannot intersect. Assume for a contradiction that Auvw
and Azyz are big triangles which intersect. We must be
in Subcase 3.2 of the proof of Lemma 3. Rename the
vertices of the triangles such that the following situation
holds: v is inside disk(x,y,z), v is outside disk(zx,y, 2),
and the edges uv and zy intersect in the point v'. Then,
|luz|| > 1 and |luy|| > 1. Using the triangle inequality in
Azv'vand Auv'y, we obtain that |lvz|| < 1 and, similarly,
|lvy|| < 1. Then, ||qu|| = ||qv|| > 1. Let 2’ and v/ be the two
points such that zz'y/y is a rectangle with |zz'|| =
lyy/ || = 1 such that u and 2’ are on the same side of the
line zy. Let p be the point inside za2'y'y such that
llpz|| = |lpy|| = 1. Note that v must be inside the rectangle
zz'y'y. Indeed, otherwise, 1= ||zz/|| < |lud/|| < 1. As
|luv'|| < 1, uis inside the triangle Ax'y/p or in the interior
of the edge 2’y because u cannot be inside the triangle
Azz'p (otherwise, ||uz| < max(||z'z||, ||pz||) = 1, which is
impossible); similarly, v cannot be inside the triangle
Ayy'p and the triangle Azyp. Let ¢ be the center of
disk(u,v,w). Let ¢ be the midpoint of segment uv. Thus,
cq is a perpendicular bisector of segment uv. Then, ¢ must
be between points u and v'. Indeed, otherwise, either z or
y is on the same side of cq with u, which contradicts to
luz| > 1> |lvz| and |juy|| > 1 > |lvy||. We show that
there is no place to put the circumcenter ¢. Fig. 8
illustrates the proof that follows. The closed infinite area
inside an angle /pipops, also referred to as a sector, is
denoted by /pipsps. In addition, sector /pipapsps denotes
the intersection of two sectors /p;psp3 and pop3ps. First,
point ¢ cannot be inside the sector /u"yv”. Otherwise,
llgyll < max(||qu|l, ||qv]|) because y is inside the triangle
Aquv. Thus, y is inside disk(u, v, w). Then, triangle Auvw
should not exist, as v can see y inside disk(u,v,w).
Symmetry implies that also ¢ cannot be inside the sector
M"zv". Second, point g cannot be inside the sector
luvyu”. Otherwise, segment gc intersects yv, which
implies that |lvy|| > |Juy|| > 1. It contradicts to 1 > |juy]|.
Similarly, point ¢ also cannot be inside the sector v zvu/'.
Third, point ¢ cannot be inside the triangle Axyv.
Otherwise, |qu|| < max(|lvz|], [Jvy||) < 1. It contradicts to
that triangle Auvw is big. Fourth, point ¢ cannot be inside
the sector /p/z’zv”. Indeed, the segment ¢v' cannot
intersect the segment zz’. Otherwise, ||qz| < |qv/|| <
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llgv|| and the triangle Auvw should not exist, as v can
see z inside disk(u, v, w). Symmetry alsoimplies that point
q cannot be inside the sector /v"yy/p'. Fifth, ¢ cannot be
inside the sector /p'y/z’'p"” and the segment gv' intersects the
segment z'z. Otherwise, let ¢’ be the intersection point of
qv' and z'z. Since the biggest edge of Az'y'p has length 1,

llqu|| < 1. Then, from ||¢'v/|| > ||z’|| = 1, we have

llqull < llgg'll + lldull < llgg'll +1 < ll¢d'[| + [l¢"V'|
= [lgv'|| < [lgul,

contradicting the fact that ||qu|| = ||qv||. Thus, ¢ must be
inside the rectangle zz'y'y. Note |gz| > ||qu| > 1 and
llgyll > llqu|| > 1. Therefore, if g is inside the rectangle
xza'y'y, it is inside the triangle Ax’y/p. Since the biggest
edge of Az'y/p has length 1, ||qu|| < 1, a contradiction. In
conclusion, two big triangles cannot intersect.

Now, we show that the edges of two small triangles
cannot intersect, and that the edges of a small triangle
cannot intersect a Gabriel edge. Fig. 8 illustrates the
proof that follows. As shown above, we can assume that
u is inside disk(z,y,z) and v is outside disk(z,y, 2).
Moreover, |Juz| > 1 and |Juy|| > 1. Let v/ be the intersec-
tion of the segment uv with the boundary of disk(z,y, 2).
Let g be the center of disk(z,y, z). Since ||qy|| = |lgz| < 1,
u cannot be inside the triangle Agzy and, therefore, the
segment wv' intersects either the segment zq or the
segment yg. By symmetry, we assume that wv' and gy
intersect in point p. We have that ||qgv'|| = ||qy|| and that
|luy|| > 1. Using triangle inequality for Agpv' and Aupg,
we have |gy|| + [|[u|| > |lgV'|| + [Jyu|. It deduces that
|luv'|| > 1 and, therefore |juv|| > 1, a contradiction. This
completes the proof of the theorem. 0

ACKNOWLEDGMENTS

The research of Gruia Calinescu was performed in part
while visiting the Department of Combinatorics and
Optimization at the University of Waterloo, and partially
fupported by NSERC research grants.

REFERENCES

(1]

(2]

B3]

(4
(5]

(o]

(]

D.B. Johnson and D.A. Maltz, “Dynamic Source Routing in Ad
Hoc Wireless Networks,” Mobile Computing, T. Imielinski and
H.F. Korth, eds., vol. 353, Kluwer Academic, 1996.

S. Murthy and J. Garcia-Luna-Aceves, “An Efficient Routing
Protocol for Wireless Networks,” ACM Mobile Networks and
Applications ]., Special issue on Routing in Mobile Comm. Networks,
vol. 1, no. 2, 1996.

V. Park and M. Corson, “A Highly Adaptive Distributed Routing
Algorithm for Mobile Wireless Networks,” Proc. IEEE Infocom,
1997.

C. Perkins, “Ad-Hoc On-Demand Distance Vector Routing,” Proc.
MILCOM, Nov. 1997.

C. Perkins and P. Bhagwat, “Highly Dynamic Destination-
Sequenced Distance-Vector Routing,” Proc. ACM SIGCOMM,
Oct. 1994.

P. Sinha, R. Sivakumar, and V. Bharghavan, “CEDAR: Core
Extraction Distributed Ad Hoc Routing Algorithm,” IEEE
J. Selected Areas in Comm., vol. 17, no. 8, pp. 1454-1465, Aug. 1999.
E. Royer and C. Toh, “A Review of Current Routing Protocols for
Ad-Hoc Mobile Wireless Networks,” IEEE Personal Comm., Apr.
1999.



LI ET AL.: LOCALIZED DELAUNAY TRIANGULATION WITH APPLICATION IN AD HOC WIRELESS NETWORKS

(8]

]

(10]

[11]

(12]

(13]

(14]

(15]

[1o]

(17

(18]

[19]

[20]

(21]

(22]

(23]

(24]

(23]

(26]

(27]

(28]

[29]

(30]

(31]

(32]

(33]

S. Ramanathan and M. Steenstrup, “A Survey of Routing
Techniques for Mobile Communication Networks,” ACM/Baltzer
Mobile Networks and Applications, pp. 89-104, 1996.

P. Bose and P. Morin, “Online Routing in Triangulations,” Proc.
10th Ann. Int’l Symp. Algorithms and Computation, 1999.

I. Stojmenovic and X. Lin, “Loop-Free Hybrid Single-Path/
Flooding Routing Algorithms with Guaranteed Delivery for
Wireless Networks,” IEEE Trans. Parallel and Distributed Systems,
vol. 12, no. 10, 2001.

P. Bose, P. Morin, 1. Stojmenovic, and ]. Urrutia, “Routing with
Guaranteed Delivery in Ad Hoc Wireless Networks,” ACM/
Kluwer Wireless Networks, vol. 7, no. 6, pp. 609-616, 2001, Proc.
Third Int’l Workshop Discrete Algorithms and Methods for Mobile
Computing and Comm., pp. 48-55, 1999.

B. Karp and H.T. Kung, “GPSR: Greedy Perimeter Stateless
Routing for Wireless Networks,” Proc. ACM/IEEE Int’l Conf. Mobile
Computing and Networking, 2000.

L. Barrire, P. Fraigniaud, and L. Narayanan, “Robust Position-
Based Routing in Wireless Ad Hoc Networks with Unstable
Transmission Ranges,” Proc. Fifth Int’'l Workshop Discrete Algorithms
and Methods for Mobile Computing and Comm., pp. 19-27, 2001.

P. Bose, L. Devroye, W. Evans, and D. Kirkpatrick, “On the
Spanning Ratio of Gabriel Graphs and Beta-Skeletons,” Proc. Latin
Am. Theoretical Informatics Conf., 2002.

D. Eppstein, “Beta-Skeletons Have Unbounded Dilation,” Tech-
nical Report ICS-TR-96-15, Univ. of California, Irvine, 1996.

X.-Y. Li, G. Calinescu, and P.-J. Wan, “Distributed Construction of
Planar Spanner and Routing for Ad Hoc Wireless Networks,”
Proc. 21st IEEE INFOCOM, vol. 3, 2002.

J. Gao, LJ. Guibas, J. Hershburger, L. Zhang, and A. Zhu,
“Geometric Spanner for Routing in Mobile Networks,” Proc.
Second ACM Symp. Mobile Ad Hoc Networking and Computing, 2001.
L. Hu, “Topology Control for Multihop Packet Radio Networks,”
IEEE Trans. Comm., vol. 41, 1993.

X.-Y.Li, I. Stojmenovic, and Y. Wang, “Partial Delaunay Triangula-
tion and Degree Limited Localized Bluetooth Multihop Scatternet
Formation,” IEEE Trans. Parallel and Distributed Systems, 2003.

E. Kranakis, H. Singh, and J. Urrutia, “Compass Routing on
Geometric Networks,” Proc. 11th Canadian Conf. Computational
Geometry, pp. 51-54, 1999.

A.C.-C. Yao, “On Constructing Minimum Spanning Trees in k-
Dimensional Spaces and Related Problems,” SIAM ]. Computing,
vol. 11, pp. 721-736, 1982.

JM. Keil and C.A. Gutwin, “Classes of Graphs which Approx-
imate the Complete Euclidean Graph,” Discrete Compuational
Geometry, vol. 7, pp. 13-28, 1992.

FP. Preparata and M.I. Shamos, Computational Geometry: An
Introduction. Springer-Verlag, 1985.

D.P. Dobkin, S.J. Friedman, and K.J. Supowit, “Delaunay Graphs
are Almost as Good as Complete Graphs,” Discrete Computational
Geometry, pp. 399-407, 1990.

J.M. Keil and C.A. Gutwin, “The Delaunay Triangulation Closely
Approximates the Complete Euclidean Graph,” Proc. First Work-
shop Algorithms Data Structure, 1989.

P.L. Chew, “There is a Planar Graph as Good as the Complete
Graph,” Proc. Second Symp. Computational Geometry, pp. 169-177,
1986.

X.-Y. Li, P-J. Wan, Y. Wang, and O. Frieder, “Sparse Power
Efficient Topology for Wireless Networks,” ]. Parallel and
Distributed Computing, 2002.

KR. Gabriel and RR. Sokal, “A New Statistical Approach to
Geographic Variation Analysis,” Systematic Zoology, vol. 18,
pp. 259-278, 1969.

J. Katajainen, “The Region Approach for Computing Relative
Neighborhood Graphs in the lp Metric,” Computing, vol. 40,
pp. 147-161, 1988.

G.T. Toussaint, “The Relative Neighborhood Graph of a Finite
Planar Set,” Pattern Recognition, vol. 12, no. 4, pp. 261-268, 1980.
W.Z. Wang, X.-Y. Li, K. Moaveninejad, Y. Wang, and W.-Z. Song,
“The Spanning Ratios of (-Skeletons,” Proc. Canadian Conf.
Computational Geometry, 2003.

T. Lukovszki, “New Results on Geometric Spanners and Their
Applications,” PhD thesis, Univ. of Paderborn, 1999.

M. Fischer, T. Lukovszki, and M. Ziegler, “Partitioned Neighbor-
hood Spanners of Minimal Outdegree,” technical report, Heinz
Nixdore Inst., Germany, 1999.

(34]

(35]
(30]
(371

(38]

(39]

(40]

1047

P. Bose, A. Brodnik, S Carlsson, E.D. Demaine, R. Fleischer, A.
Lopez-Ortiz, P. Morin, and J.I. Munro, “Online Routing in Convex
Subdivisions,” Proc. Int’l Symp. Algorithms and Computation, pp. 47-
59, 2000.

G. Calinescu, “Computing 2-Hop Neighborhoods in Ad Hoc
Wireless Networks.” 2002.

X.-Y. Li, P.-J. Wan, and O. Frieder, “Coverage in Wireless Ad-Hoc
Sensor Networks,” IEEE Trans. Computers, vol. 52, no. 6, pp. 753-
763, 2003.

X.-Y. Li, Y. Wang, and O. Frieder, “Efficient Localized Routing for
Wireless Ad Hoc Networks,” Proc. IEEE Int’l Conf. Comm., 2003.
S. Datta, I. Stojmenovic, and J. Wu, “Internal Node and Shortcut
Based Routing with Guaranteed Delivery in Wireless Networks,”
Proc. IEEE Int’l Conf. Distributed Computing and Systems, pp. 461-
466, 2001.

X.-Y. Li and Y. Wang, “Efficient Construction of Low Weight
Bounded Degree Spanner,” Proc. Int'l Computing and Combinatorics
Conf., 2003.

Y. Wang and X.-Y. Li, “Localized Construction of Bounded Degree
and Planar Spanner for Wireless Ad Hoc Networks,” submitted
for publication, 2003.

Xiang-Yang Li received the MS (2000) and PhD
(2001) degrees in computer science from the
University of lllinois at Urbana-Champaign. He
received a bachelor degree in computer science
and a bachelor degree in business management
from Tsinghua University, Peoples Republic of
China, in 1995. He has been an assistant
professor of computer science at the lllinois
Institute of Technology since 2000. His research
interests span the computational geometry,

wireless ad hoc networks, optical networks, and cryptography. He is a
member of the ACM and IEEE.

Gruia Calinescu recieved the diploma from the
University of Bucharest and the PhD degree
from the Georgia Institute of Technology. He is
an assistant professor of computer science at
the lllinois Institute of Technology. His research
interests are in the area of algorithms. He is a
member of the ACM and IEEE.

Peng-Jun Wan received the PhD degree in
computer science from University of Minnesota
in 1997, the MS degree in operations research
and control theory from the Chinese Academy of
Science in 1993, and the BS degree in applied
mathematics from Qsinghua University in 1990.
He has been an assistant professor in computer
science at the lllinois Institute of Technology
since 1997. His research interests include
optical networks and wireless networks. He is

a member of the IEEE.

Yu Wang received the BEng degree and the
MEng degree from Tsinghua University, Beijing,
in 1998 and 2000, both in computer science. He
joined the Department of Computer Science,
lllinois Institute of Technology in 2000 as a PhD
student. His current research interests include
wireless networks, algorithm design, mobile
computing, and artificial intelligence. He is a
member of the ACM, IEEE, and IEEE Commu-
nication Society, and a student member of the

IEEE Computer Society.

> For more information on this or any other computing topic,
please visit our Digital Library at http://computer.org/publications/dlib.



	Index: 
	CCC: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	ccc: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	cce: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	index: 
	INDEX: 
	ind: 


