COMPACT SPACES WITH A P-BASE

ALAN DOW AND ZIQIN FENG

ABSTRACT. In the paper, we investigate (scattered) compact spaces with a
P-base for some poset P. More specifically, we prove that any compact space
with an w*“-base is metrizable and any scattered compact space with an w®“-
base is countable under the assumption w; < b. These give positive solutions
to Problems 8.6.9 and 8.7.7 in [1]. Using forcing, we also prove that in a model
of wy < b, there is a non-first-countable compact space with a P-base for some
poset P with calibre wj.

1. INTRODUCTION

Let P be a partially ordered set. A topological space X is defined to have a
neighborhood P-base at « € X if there exists a neighborhood base (Up[z])pep at x
such that Up[z] C Uy ] for all p > p’ in P. We say that a topological space has
a P-base if it has a neighborhood P-base at each x € X. All topological spaces in
this paper are regular.

We will use Tukey order to compare the cofinal complexity of posets. The Tukey
order [19] was originally introduced, early in the 20th century, as a tool to under-
stand convergence in general topological spaces, however it was quickly seen to have
broad applicability in comparing partial orders. Given two directed sets P and @),
we say @ is a Tukey quotient of P, denoted by P >1 @, if thereisamap ¢ : P — Q
carrying cofinal subsets of P to cofinal subsets of Q. In our context, where P and
@ are both Dedekind complete (every bounded subset has the least upper bound),
we have P >7 @ if and only if there is a map ¢ : P — Q) which is order-preserving
and such that ¢(P) is cofinal in Q. If P and @ are mutually Tukey quotients, we
say that P and @ are Tukey equivalent, denoted by P =1 Q. It is straightforward
to see that a topological space X has a P-base if and only if 7, (X) <7 P for each
x € X, here, T,(X) = {U : U is an open neighborhood of x}.

Topological spaces and function spaces with an w“-base were systematically stud-
ied in [1]. Lots of work also have been done with the w*-base in topological groups
(see [2], [8], [15], and [18]). In this paper we investigate the Tukey reduction of a P-
base in some (scattered) compact spaces with P satisfying some Calibre conditions.
This paper is organized in the following way.

In Section 3, we show that if P has Calibre wy, then any compact space with
a P-base is countable tight. Furthermore, we prove that if a compact space with
countable tightness has a K(M)-base for some separable metric space M, then
it is first-countable. As a corollary, any compact space with an w®-base is first-
countable under the assumption w; < b. This gives a positive answer to Problem
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8.7.7 in [1]. In Section 4, we address Problem 8.6.9 in [1] positively by showing that
any scattered compact space with an w®-base is countable under the assumption
wy < b. It is natural to ask whether under the assumption w; < b any compact
with a P-base is first-countable if P satisfies some Calibre properties, for example,
Calibre wy. In Section 5, we prove that in a model of Martin’s Axiom in which
w1 < b, there is a non-first-countable compact space with a P-base for some poset
P with calibre w;.

2. PRELIMINARIES

For any separable metric space M, K(M) is the collection of compact subsets of
M ordered by set-inclusion. Fremlin observed that if a separable metric space M is
locally compact, then (M) =7 w. Its unique successor under Tukey order is the
class of Polish but not locally compact spaces. For M in this class, K(M) =¢ w¥
where w* is ordered by f < g if f(n) < g(n) for each n € w. In [9], Gartside and
Mamataleshvili constructed a 2¢-sized antichain in K(M) = {K(M) : M € M}
where M is the set of separable metric spaces.

Let P be a directed poset, i.e. for any points p,p’ € P, there exists a point ¢ € P
such that p < g and p’ < ¢q. A subset C of P is cofinal in P if for any p € P, there
exists a ¢ € C such that p < ¢. Then cof(P) = min{|C| : C is cofinal in P}. We
also define add(P) = min{|Q] : @ is unbounded in P}. For any f,g € w*, we say
that f <* g if the set {n € w: f(n) > g(n)} is finite. Then b = add(w*, <*) and
0 = cof(w®, <*). See [5] for more information about small cardinals.

Let k > u > X be cardinals. We say that a poset P has calibre (k,u, A) if for
every r-sized subset S of P there is a p-sized subset Sy such that every A-sized
subset of Sy has an upper bound in P. We write calibre (k, u, 1) as calibre (k, u)
and calibre (k, &, k) as calibre . It is known that (M) has Calibre (wy,w) for any
separable metric space M, hence so does w*. Under the assumption w; = b, wy is
a Tukey quotient of w*. Furthermore, under the assumption w; < b, the poset w®
has Calibre (wy,w1,w1), i.e. Calibre wy. We will use this fact in several places of
this paper.

It is clear that if P <7 @ and Q <7 R then P <7 R for any posets P, (), and
R. So we get the following proposition.

Proposition 2.1. Let P and Q be posets such that P <p Q. Then if a space X
has a neighborhood P-base at x € X, then X also has a neighborhood Q-base at x.
Hence, any space with a P-base also has a Q-base.

Proposition 2.2. If X has a P-base, then any subspace of X also has a P-base.

Proposition 2.3. Let P be a poset with w1 <p P and P =p w x P. Then the
space w1 + 1 has a P-base.

Proof. For each o < wq, the space w; + 1 has a countable local base at a. Hence
Ta(wi + 1) <p P due to the fact that P =y w x P.

Let ¢ be a map from P to w; which carries confinal subsets of P to confinal
subsets of wy. Then we define a map ) from P to T, (w1+1) by ¥(p) = (¢(p),w1] for
each p € P. Clearly v carries confinal subsets of P to confinal subset of T, (w1 +1).
Hence the space wi+1 has a neighborhood P-base at wy. This finishes the proof. [
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As a result of b <7 w", the space wy + 1 has an w“-base under the assumption
wi = b. Gartside and Mamatelashvili in [10] proved that w* X wy <7 K(Q) <r
w? X [w1]<¥, here Q is the space of rationals. Hence, we have the following result.

Corollary 2.4. The space w1 + 1 has a K(Q)-base.

A generalization of Gs-diagonals is P-diagonals for some poset P. A collection
C of subsets of a space X is P-directed if C can be represented as {C, : p € P}
such that C, C C)» whenever p < p’. We say X has a P-diagonal if X 2 \ A has a
P-directed compact cover, where A = {(z,z) : € X}. The second author showed
that any compact space with a K(Q)-diagonal is metrizable in [7] and Sanchez
proved that the same result holds for any compact space with a (M )-diagonal for
some separable metric space M in [17]. Here, we include two results about spaces
with (or without) P-diagonal giving that P satisfies some Calibre properties.

Proposition 2.5. Let P be a poset with Calibre (wi,w). The space wy + 1 doesn’t
have a P-diagonal.

Proof. Suppose that w; + 1 has a P-diagonal, i.e., a P-ordered compact covering
{K, :p € P} of (w1 +1)?\ A Choose ., and 3, in w; for v € w; such that

ap<Bo<aur <P <...<ay<fy<....

Let py in P be such that (a,,) € K, for each v € wy. By Calibre (w;,w),
there are p in P and v, € wi,n € w such that 70 <7 < ... and K, C K, for
each n € w. Then (4,6) € K,, where 6 = sup{a,, : n € w}. This contradiction
finishes the proof. O

Proposition 2.6. Let P be a poset with Calibre wi. Any compact space with a
P-diagonal has countable tightness.

Proof. Let {K, : p € P} be a P-ordered compact covering of X2\ A. Suppose
that X has uncountable tightness. Then, X has a free sequence of length wy, hence
a convergence free sequence of length wy by [12]. Let {x, : @ < w1} be such a
sequence and z* the limit point.

Choose o, and By in wy for v € w; such that ag < By < a1 < 1 < ... <
ay < B, <....For each v € wy, fix p, € P such that (z, ,25 ) € K, . Since P
has Calibre wy, there is an uncountable subset 7, of w; with 7 < w; such that p,
is bounded above by p* € P. Hence, K, C K- for each 7 < w, furthermore,
(Ta., ,xp, ) € Kp-. Since {z4 : @ < w;} is a convergent sequence with limit point
r*, the subsequences z,., and wg _ both converge to x*, hence, (z*,2%) € K-
which contradicts with the fact that K, C X \ A. This contradiction finishes the
proof. O

3. COMPACT SPACES

In this section, we study compact spaces possessing a P-base with P satisfying
some Calibre property. Mainly, we investigate the problem whether each compact
Hausdorff space with an w®-base first countable under the assumption w; < b. We
start with some ZFC result about tightness of the spaces with a P-base.

Theorem 3.1. Let k be an uncountable regular cardinal and P be a poset with
Calibre k. If X is a compact Hausdorff space with a P-base, then t(X) < k.
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Proof. Assume, for contradiction, that ¢(X) > . Then, X has a free sequence of
length . Hence, by [12], X has a convergent sequence of length k. Let {z, : @ < K}
be such a sequence and z* be the limit point. Let S = {z, : o < k} U{z*}. Notice
that for any unbounded subset {c, : v < &}, 2* is the limit point of {zo, : v < K}.
Fix a neighborhood base {B,, : p € P} at z.. It is straightforward to see that S\ B,
has size < k for each p € P.

For each a < k, choose p, € P such that o ¢ B,,. Let P’ = {p, : o € k}.
If the cardinality of P’ is < k, there exists a p, € P’ such that S\ B, has size
% which is a contradiction. Hence, P’ have cardinality x. Since P has Calibre &,
there is a k-sized subset P” of P’ which is bounded above. List P" as {p,, : v < K}
and pick p* to be the upper bound of P”. Then, S\ B, = {24, : 7 < x} which is
a contradiction. This finishes the proof. (|

Corollary 3.2. Let P be a poset with Calibre wi. Fach compact Hausdorff space
with a P-base is countable tight.

A poset P has Calibre (wq,w) if it has Calibre wy. It is showed in [16] that
for a separable metric space M the poset K(M) has Calibre w; if it has Cali-
bre (w1, w1, w). Hence it is natural to ask whether a compact space has countable
tightness if it has a P-base with P having Calibre (w1,w). The following example
shows that the answer is negative. So the result above is ‘optimal’ in terms of
the Calibre complexity of posets having the form K(M) with M being a separable
metric space.

Example 3.3. There is a poset P with Calibre (w1, w) and a compact space X with
a P-base, but t(X) > w.

Proof. Let P be K(Q) which clearly has Calibre (wy,w). From Proposition 2.4, the
space w1 + 1 has a P-base, but its tightness is uncountable. O

Again, since w® has Calibre w; under the assumption w; < b, we obtain the
following result about spaces with an w*“-base.

Corollary 3.4. Assume that wy < b. Each compact Hausdorff space with an w®-
base is countable tight.

It is folklore that any GO-space with countable tightness is first countable.
Hence, applying Corollary 3.4 to compact GO-spaces, we obtain the following re-
sults.

Corollary 3.5. Let P be a poset with Calibre wy. Each compact GO-space has a
P-base if and only if it is first countable.

The following example shows that the result above doesn’t hold for general GO-
spaces.

Example 3.6. There is a poset P with Calibre wy such that there exists a GO-space
with a P-base and uncountable tightness.

Proof. Consider the set ws + 1 in the ordinal order. Let T be the topology on
wa + 1 such that every point except ws is isolated and a base at wq is {(o,ws] : @ <
wa}. So the space (w2 4+ 1,7) is a non-first-countable GO-space and clearly has a
neighborhood ws-base at ws. It is straightforward to verify that the poset ws has
Calibre w; since every wi-sized subset is bounded above. O
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The result below was proved in [1] through a different approach. We obtain it
here as a result of w* having Calibre w; under the assumption w; < b.

Corollary 3.7. Assume that wy < b. Fach compact GO-space has an w®-base if
and only if it is first countable.

It is natural to ask as in [1] (Problem 8.7.7) whether the same result holds for
any compact space. Next, we’ll give a positive answer to this problem by showing
that any compact space with a P-base is first countable if P = K(M) for some
separable metric space M has Calibre w;.

First, we show that any compact space with countable tightness is first countable
if it has a P-base and P = K(M) for some separable metric space. We use the ideas
and techniques from [4].

Theorem 3.8. Let P = K(M) for some separable metric space M. If X is a
compact space with countable tightness and has a P-base, then X is first-countable.

Proof. Fix x € X and an open P-base {U,[z] : p € P} at x. For each p € P, let
K, = X\ Up|z]. Then, {K, : p € P} is a P-directed compact cover of X \ {z}.

For any separable metric space M, the space P = K(M) with the Hausdorff
metric d is also separable, hence second countable. Also if {p, : n € w} is a
sequence converging to p in P, then p* = pU (J{pn : n € w}) is compact, hence it
is an element in P with p, C p* and p C p*.

Fix a countable base {B,, : n € w} of P. For each n € w, define L(B,,) = |J{ K, :
p € B,}. And for each p € P, define C(p) = ({L(B,) : p € B,}. For each p € P,
we pick a decreasing local base { B}, :i € w} C {B,, : n € w} at p such that for each
i € w there is a positive number ¢; satisfying that BE D Dgyn (p,€;) D BY,., where
Dy (p, €;) is the open ball centered at p with radius ¢;. Define C'(p) = ({L(BE,) :
i € w}. It is straightforward to verify that C’(p) = C(p).

First, we claim that z is not in the closure of C(p) for all p € P. Fix p € P. By
the countable tightness of X, it suffices to show that if = is not in the closure of any
countable subset of C'(p). Let {y; : i € w} be a countable subset of C(p). For each
i € w, choose ¢; € BL with y; € Ky,. Clearly {g; : i € w} is a sequence converging
to p, hence p* = pU (U{q; : i € w}) is an element in P with {y; : ¢ € w} C Kp-
which implies that « is not in the closure of {y; : i € w}.

Then, we claim that for each p € P, there is an i € w such that = is not in the
closure of L(BE ). Fix p € P. Choose any open set U such that C(p) C U and
x ¢ U. It suffices to prove that there is an i so that L(BE ) C U. Suppose not.
Choose y; € L(BE,) \ U for each i € w. Then for each i € w, choose ¢; € BY,
so that y; € K,,. Define pf = pU (U{q; : j > i}). Hence {y; : j > i} C Kp:.
By the property of the Hausdorff metric d, it is straightforward to verify that
d?(pr,1.p) < €, hence pi; € BE which implies that Ky, C L(BE,) for each
i € w. Therefore, ({K,: : i € w} € C(p). Then, all the limit points of {y; : i € w}
are in C(p) which contradicts with C(p) C U and the choices of {y; : i € w}.

Finally, we prove that the family £ = {L(B,,) : « ¢ L(B,)} is a cover of X \ {z},
furthermore, {B : B = X \ S for some S € L} is a local base at z. For each p € P,

there is an i € w such that that z is not in the closure of L(B% ). Hence L(B7,) € L.
Since K, C L(B% ), this completes the proof. O

7
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Theorem 3.9. Let P = KC(M) for some separable metric space M such that P has
Calibre wy. Any compact space X with a P-base is first-countable.

Proof. By Corollary 3.4, X has countable tightness since P has Calibre w;. Then
by Theorem 3.8, X is first-countable. (I

Then using the fact that w® has Calibre w; under the assumption w; < b, we
get a positive answer to Problem 8.7.7 in [1].

Corollary 3.10. Assume wi < b. A compact space has an w*-base if and only if
it is first countable.

4. SCATTERED COMPACT SPACES

We recall that a topological space X is scattered if each non-empty subspace of
X has an isolated point. The complexity of a scattered space can be determined
by the scattered height.

For any subspace A of a space X, let A’ be the set of all non-isolated points of A.
It is straightforward to see that A’ is a closed subset of A. Let X(©) = X and define
X(@) = ﬂﬁ<a(X('3))’ for each @ > 0. Then a space X is scattered if X(a) = 0
for some ordinal a. If X is scattered, there exists a unique ordinal h(x) such that
r € Xh@)\ X"+ for each x € X. The ordinal h(X) = sup{h(z) : 2 € X}
is called the scattered height of X and is denoted by h(X). It is known that any
compact scattered space is zero-dimensional. Also, it is straightforward to show
that for any compact scattered space X, X ("(*)) is a non-empty finite subset.

Theorem 4.1. Let P be a poset with Calibre wy and X a scattered compact space
with a P-base. Then X s countable.

Proof. If h(X) =0, then X is countable because it is compact.

Assume h(X) = o and any compact scattered space with a P-base is countable
if it has a scattered height < a. Since X is compact, X(® is a nonempty finite
subset of X. List X(®) = {z,...,2,}. For each i € {1,...,n}, take a closed and
open neighborhood U; of x; with U; N X (a) = {z;}. Then X\ U{U; : i =1,...,n}
is a scattered compact space with scattered height < «, hence it is countable by the
assumption. So it is sufficient to show that U; is countable for each i =1,... n.

Fix i € {1,...,n}. Consider the subspace Y = U; N X. By proposition 2.2, Y
has a neighborhood P-base {B, : p € P} at {x;}. For eachp € P, Y\ B, is a
compact subspace with scattered height < «, hence is countable by the inductive
assumption.

Assume that Y is uncountable. Take an uncountable subset {yo : @ < wy} of
Y \ {x;}. For each o < w1, we choose p, € P such that y, ¢ By, .

If {po : @ < wi} is countable, there is a p* € {p, : @ < wy} such that there
is an uncountable subset D of {y, : & < w1} such that D C Y \ Bp- which is a
contradiction.

If {po : @ < w1} is uncountable, then it has an uncountable subset P’ which is
bounded above using the Calibre w; property of P. List P’ = {pa, : 7 <wi}. Let
p* be an upper bound of P’. Then we have that y, ¢ By~ for each v < w;. This
also contradicts with the fact that Y\ Bp- is countable. This finishes the proof. O

Using the same approach we obtain the following example.
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Example 4.2. The one point Lindelofication of uncountably many points doesn’t
have a P-base if P has Calibre wy, hence, under the assumption wy < b, it doesn’t
have an w*-base.

The example above uses the fact that under the assumption w; < b, the poset
w® has Calibre wy. Furthermore, using Theorem 4.1, we obtain the following result
which answers Problem 8.6.9 in [1] positively. This also gives a partial positive
answer to Problem 8.6.8 in the same paper.

Corollary 4.3. Assume wy < b. Any scattered compact space with an w®-base is
countable, hence metrizable.

It was proved in [1] that any compact spaced with an w*-base and finite scattered
height is countable, hence metrizable. Next, we show that the same result holds for
any compact space with a P-base and finite scattered height if P has Calibre (w1, w).

Theorem 4.4. Let P be a poset with Calibre (wi,w) and X a compact Hausdorff
space with a P-base and finite scattered height. Then X is countable, hence metriz-

able.

Proof. Fix a natural number n > 0. Assume that any compact Hausdorff space
with scattered height < n is countable. Let X be a compact Hausdorff space with
scattered height n. We’ll show that X is countable. As discussed in the proof
of Theorem 4.1, we could assume that X (™ is a singleton, denoted by z, without
loss of generality. Suppose, for contradiction, that X is uncountable. Define m
to be the greatest natural number such that X (™) is uncountable and X ("+1) is
countable. Then there are two cases: 1. m =n —1; 2. m < n — 1. We will obtain
contradictions in both cases.

First assume that m = n — 1. Then we fix a neighborhood P-base {B, : p € P}
at x. For each p € P, X(") \ B, is finite as X is compact and B, is open. Pick an
uncountable subset {z, : a < wi} of X(™ with x, # z for all & < w;. For each
a < wi, there is a p, € P such that z, ¢ B, . If {ps : @ < w1} is countable, then
there exists p* € {po : @ < w;} such that X" \ B,. is uncountable which is a
contradiction. If {p, : @ < w1} is uncountable, we can find a countable bounded
subset {pa, : n € w} of {po : @ < wy} using the Calibre (wq,w) property of P. Let
the upper bound of {p,, : n € w} be p*. Then, z,, ¢ By~ for each n € w. This is
a contradiction.

Now we assume that m < n — 1. Then X(™+D\ {2} is countable which can be
listed as {z, : £ € w}. For each ¢, pick a closed and open neighborhood Uy of xy.
Then for each ¢ < w, Uy is a compact subspace with scattered height < n, hence is
countable. Therefore, X (™ \ (J{U, : £ € w} is uncountable. Pick an uncountable
subset S = {zq : a < wi} of X\ ({z} U (U{U; : £ € w})). Fix a neighborhood
P base {B, : p € P} at x. For each p € P, S\ B, is finite. Similarly as in the
proof of case 1, we could obtain a contradiction using the Calibre (w;,w) property
of P. O

The result above doesn’t hold for compact space with uncountable scattered
height since the space wy + 1 has a C(Q)-base. However, we don’t know the answer
to the following problem.

Question 4.5. Assume that w; = b. Let P be a poset with Calibre (w1, w) and X
be any compact Hausdorff space with a P-base and countable scattered height. Is X
countable?
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5. CALIBRE w; AND NON-FIRST-COUNTABLE COMPACT SPACE

We prove that there is a model of Martin’s Axiom in which there is a compact
space that has a P-base for a poset P with Calibre w;. This space will be the space
constructed by Juhasz, Koszmider, and Soukup in the paper [11]. This article [11]
shows there is a forcing notion that forces the existence of a first-countable initially
wi-compact locally compact space of cardinality we whose one-point compactifica-
tion has countable tightness. We must prove that there is a poset P as above. We
must also show that extra properties of the space ensure that we can perform a
further forcing to obtain a model of Martin’s Axiom and that the desired prop-
erties of a space naturally generated from the original space possesses these same
properties in the final model. The reader may be interested to note that in this
way we produce a model of Martin’s Axiom and ¢ = wy in which there is a com-
pact space of countable tightness that is not sequential. This is interesting because
Balogh proved in [3] that the forcing axiom, PFA, implies that compact spaces
of countable tightess are sequential. It was first shown in [6] that the celebrated
Moore-Mrowka problem was independent of Martin’s Axiom plu ¢ = ws. The meth-
ods in [6] are indeed based on the paper [11] using the notion of T-algebras first
formulated in [13]. The example in [11] is itself a space generated by a T-algebra
but is not explicitly formulated as such because of its simpler structure.

To do all this, at minimum cost, we must explicitly reference a number of state-
ments and proofs from [11]. The construction is modeled on the following natural
property of locally compact scattered topology, 7, with base set an ordinal p in
which initial segments are open. The well-ordering on the underlying set arises
canonically from the fact that such spaces are right-separated and scattered. There
are functions H with domain p and a function i : [u]? — [u]<N° satisfying that for
all o < B <

(1) € H(a) Ca+1 and H(«) is a compact open set (i.e. H(a) € 7),
(2) i(a, B) is a finite subset of «,
(3) if a ¢ H(B), then H(a) N H(8) C U{H(E) : € € i(a B)}
(4) if a € H(B), then H(a) \ H(8) C U{H(S) : € € i(a, )}
Conversely if H and ¢ are functions as in (1)-(4) where (1) is replaced by simply

(I") o € H(a) C v+ 1 (i.e. no mention of topology)

then using the family {H(«) : @ € u} as a clopen subbase generates a locally
compact scattered topology on u in which H, i satisfy property (1)-(4).
Statements (3) and (4) are combined into a single statement in [11] by adopting
the notation
H(a)\ H(B) o€ H(S)

As noted in [11] a locally compact scattered space can not have the properties listed
above, hence the construction must be generalized. Also it is shown above (and in
[1] for P = w*) that a compact scattered space with a P-base that has Calibre wy
will be first countable.

The generalization from [11] will use almost the same terminology and ideas to
generate a topology on the base set wy x C where C = 2" is the usual Cantor set
and, for each o < wy, {a} x C will be homeomorphic to C. For n € N = w \ {0}
and € € 2, the notation [n, €] will denote the clopen subset {f € 2 : f(n) = €} in
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C. However a critically important aspect of the construction to watch for is that
every point of the space will have a local base of neighborhoods that splits only one
of the sets in {{a} X C: & € wy}. The function H will identify the copies that such
a subbasic clopen set meets (and contains all except the top one). More precisely,
H(a,0) x C be a subbasic clopen set, and for n > 0, the set H(a,n) C H(a,0)
will be used to construct the subbasic clopen set that intersects {a} x C as the
set {a} x [n,1]. Naturally, H(«,0) \ H(a,n) will generate the subbasic clopen set
corresponding to {a} x[n, 0]. The function i is similarly generalized to be a function
from [ws]? X w into [we]<No. Here is the definition of a suitable pair of functions
from [11, Definition 2.4].

Definition 5.1. A pair H : wy x w — P(wa) and i : [wa]? x w — [wa]<N0 s

wy-suitable if the following conditions hold for all o < 8 < ws and n € N:
(1) a€e Hla,n) C H(a,0) Ca+ 1,
(2) i(a, B,n) € [a] <N,
(3) H(a,0)x H(B,n) C U{H(&,0): § €ia, B,n)}.
Also, given an we-suitable pair H,i, define the following sets for a € wy, F €
[wa] X0 and n € N:
(4) U(e) =U(a,C) = H(a,0) x C,
(5) Ula, [n,1])) = ({a} x [n,1]) U ((H(a,n) \{a}) x C),
(6) U, [n,0]) = Ula, €©) \ Ula, [n, 1),
(7) UIF) = U{U(E) : € € F}.

Next we rephrase [11, Lemma 2.5]:

Proposition 5.2. If H,i is an wy-suitable pair then the subbase
{U(e,C) : a € wa} U{U(ex, [n,€]) : @ € wa,n € Nye € 2}

generates a locally compact Hausdorff topology Ty on we X C satisfying that for all
a€wy,neN, andr eC,

(1) U(e, C), U(av, [n,1]) are compact,

(2) the collection of finite intersections of members of the family

{U(a, [n,r(n)]) \U[F] : n € N, F € [a] <"}
is a local base at (o, r)

Next, the authors of [11] have to work very hard to produce an wo-suitable pair
so that 7y is first-countable and initially wi-compact. The first step is to work in
a model in which there is a special function f : [wa]? — [w2]=N0 called a strong
A-function. Since we will not need any properties of this function we omit the
definition, but henceforth assume that f is such a function. We record additional
minor modifications of results from [11, 4.1,4.2].

Proposition 5.3. There is a ccc poset Py consisting of quadruples p = (ap, hp, ip, np)
that are finite approximations of an ws-suitable pair where

(1) ap € [wa]<N, n, €w

(2) By ap)® x ny = Play),

(3) ip = [ap]?® X mp = [ap] <M,

and, for each Py-generic filter G, the relations
H:U{hp:pEG} and i:U{ip:pEG}
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are functions that form an we-suitable pair. In particular, if p € G, o € hyp(B), and

ip(cv, 8,0) =0, then (in V[G]) U(e,C) C U(B,C).
The space (w2 x C, 7py) is shown to have these additional properties [11, 4.2]:

Proposition 5.4. If G is Ps-generic and H,i are defined as in Proposition 5.3,
then the following hold in V[G]:
(1) Xy = (waxC,7y) is locally compact 0-dimensional of cardinality ¢ = 2% =
N27
(2) Xpg is first-countable,
(3) for every A € [Xg]“t, there is a A < wq such that ANU(A,C) is uncount-
able,
(4) for every countable A C X, either Y is compact or there is an a < wo
such that (we \ @) x C is contained in 'Y .

Consequently Xy is a locally compact, 0-dimensional, normal, first-countable, ini-
tially wi-compact but non-compact space.

Finally, we need the following strengthening of [11, Lemma 7.1] but which is
actually proven.

Proposition 5.5. If p = (ap, hp,ip,np) € Py and ap C X € wo, then there is a
q < p in Py such, that

(1) ag = ap U{A} and ng = n,,

(2) ap C he(X,0),

(3) ig(a, A, 5) =0 for all a € a,, and j < ny.

We note that for p,q as in Lemma 5.5, if ¢ is in the generic filter G, then
U(a,C) is a subset of U(A,C) for all @ € a,. One consequence of this is that the
family {U(«,C) : a € wo} is finitely upwards directed. Equivalently, the family of
complements of these sets in the one-point compactification of Xy is a neighborhood
base for the point at infinity.

Now we strengthen [11, Lemma 7.2] which will be used to prove that the one-
point compactification of Xy has Calibre wy. Some of our proofs will require forcing
arguments and we refer the reader to [14] for more details. However some remarks
may be sufficient to assist many readers. The forcing extension, V[Gg] by a Q-

generic filter G for a poset @ is equal to the valuation, valg, (A) for the collection
of all Q-names A that are sets from V. The notation ¢ I- = € A can be read as
the assertion that x € valg,(A) for any generic filter with ¢ € Gg. The forcing
theorem ([14, VII 3.6]) ensures, for example, that if A is a @-name of a subset of
a ground model set B, then b is an element of valg,, (A) exactly when there is an
element ¢ € G such that ¢ IF b € valg,, (A). Additionally, the set of ¢ € Q that
satisfy that ¢ I 2 € A is a set in the ground model, as is the set of z for which

there exists a ¢ with ¢ I- 2 € A. This justifies the first line of the next proof.

Lemma 5.6. In V|G|, for each uncountable A C wo, there is a A < wq such that
U(a,C) Cc U(X,C) for uncountably many «a € A.

Proof. Let A be a Pg-name for a subset of wy. Fix any condition p € G and assume
that p forces that A has cardinality X;. We prove that thereisa ¢ <panda A € g,
satisfying that if ¢ € G then there are uncountably many « € valg(A) such that
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U(a,C) Cc U(MN,C). It is a standard fact of forcing that this would then establish
the Lemma (i.e. that there is then necessarily such a g € G).

Let I denote the set of o € wsy satisfying that there is some p, < p (which we
choose) forcing that o € A. Since p forces that A is a subset of I it follows that
I has cardinality at least w;. Since Py is ccc, it also follows that I has cardinality
equal to wy but it suffices for this argument to choose any A € ws such that I N A
is uncountable. For each a € I, choose g, < po so that aq, = a, U{A} and the
properties of the pair p,, g, are as stated in Proposition 5.5.

Just as in the proof of [11, Lemma 7.2], the fact that Py is ccc ensures that there
is some ¢ < p such that so long as ¢ € G, the set {a € IN\ : ¢, € G} is uncountable.
As remarked after Proposition 5.5, it follows, in V[G], that U(«a,C) C U(X,C) for
ala e {aelInNi:q, € G} O

Theorem 5.7. If G is a Ps-generic filter, then in V[G], the one-point compactifi-
cation of the space Xy has a P-base for a poset with Calibre w;.

Proof. The poset P consists of the family {U(«,C) : @ € wa} ordered by inclusion.
To complete the proof we have to note that w < P. For this it is enough to prove
that there is a countable subset of P that has no upper bound. It is relatively easy
to prove that X is separable (indeed, that w x C is dense) but oddly enough this
is not stated in [11] and we can more easily simply note that Xy is not o-compact
because by Proposition 5.4 it is countably compact and non-compact. O

An important feature of the construction of X g from the wo-suitable pair H,1 is
that even in a forcing extension by a ccc poset @ (in fact by any poset that preserves
that w; and we are cardinals), the new interpretation of the space obtained using
H,i (i.e. the base set wy x C may change because there can be new elements of
C) is still locally compact and 0-dimensional. This is similar to the fact that local
compactness of scattered spaces is preserved by any forcing (a result by Kunen).
The other properties of Xpg, such as first-countability and initial w;-compactness,
as well as properties of its one-point extension are not immediate and will depend
on what subsets of ws have been added.

An unexpected feature of the wo-suitable pair is that, in fact, the first countability
of Xy is preserved by any forcing.

Lemma 5.8. For each poset Q in V]G] and Q-generic filter Gg, the space Xy is
first-countable in V[G][Gg).

Proof. Of course we will use the fact that, in V[G], Xy is first-countable (as stated
in Proposition 5.4). Fix any a € ws and recall from Proposition 5.2, that the
collection of all finite intersections of the family

{U(a,[n,r(n)) \U[F] :n €N, F € [a] <}

is a local base at (a,r) € {a} x C (in any model). In V[G], for each r € C, let
Z(a,7) = Nphen Ul [n,7(n)]) and let K(a,7) ={§ <a:{{} x CC Z(a,r)}. Let
us recall that £ € K (o, r) if and only if Z(«, r)N({¢} xC) is not empty. Similarly, by
the definition of U(«, [n,7(n)]) given in Definition 5.1, K (o, r) = ({H (e, [n,r(n)]) :
n € N}. Since, for all n € N, {H(«, [n,0]), H(«, [n,1])} is a partition of H(«,0),
it follows that {K(«,r) : r € C} is also a partition of H(«,0). Since Xy is first-
countable (in V[G]), for each r € C, there is a countable F,. C K(a,r) such that
K(a,r) x CcU{U(&,0) : € € F,.}.
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Now we are ready to show that, in V[G][Gg], each point of {a} x C is a Gs-point
in Xp. For each r € C, we again define the Gs-set Z(a,7) and K (o, ) C H(a, 0) as
we did in V[G] but as calculated in the new model V[G][Gg]. It is immediate that
Z(a,r) N ({a} x C) is equal to (a,r). Since there are no changes to the values of
H(a,[n,€]) for (n,e) € Nx2, the value of K (a,r) for each € CNV[G] is unchanged
and the family {K(a,r) : r € C} is a partition of H(«,0). It clearly remains the
case that, for r € CNV[G], K(a,r) x C is a subset of [J{U(&,0) : £ € F,.}. This
implies that (a,r) is a Gs-point for each r € CN V[G]. Now consider a point
s € C that is not an element of V[G]. But now we have that K (e, s) is empty since
H(a,0) is covered by the family {K(a,r) : € CNVI[G]}. This implies that Z is
equal to the singleton set {(«, s)}. O

Next we prove that we can extend the model V[G] to obtain a model in which
Martin’s Axiom holds (and ¢ = wy). We do so using the following result from
[14, VI 7.1, VIII 6.3] (i.e. the standard method to construct a model of Martin’s
Axiom).

Proposition 5.9. In the model V[G], there is an increasing chain {Q¢ : & < wa}
of partially ordered sets satisfying for each & < wo

(1) Q¢ is a ccc poset of cardinality at most Ny,
(2) each mazimal antichain of Q¢ is a mazimal antichain of Qu,,
(3) if G2 is a Qu,-generic filter, then in the model V[G][G2]
(a) Martin’s Aziom holds and ¢ = wo
(b) for each A C wy x C of cardinality less than ws, there is a & < wy such
that A is in the model V[G][G2 N Q¢].

For the remainder of this section let {Q¢ : & < wa} be the poset as in this
Proposition and let G be a Q,,,-generic filter. The model V[G][G2NQ¢] is actually
equal to the valuation by Gy of all Q¢-names that are in V[G].

First we prove that the poset of P (consisting of the family {U(«,C) : a € wo}
ordered by inclusion) still has Calibre w; in the forcing extension of V[G] by Q..
In fact, by Proposition 5.9, it suffices to prove that any ccc poset @ of cardinality
at most N; preserves that P has Calibre wi.

Lemma 5.10. If Gg is Q-generic over V[G] for a ccc poset, then P has Calibre
wy in the model V[G][Gg].

Proof. Let A be a Q-name of a subset of w, and let ¢ be any element of Q. Let I
be the set of a € wy such that there exists some ¢, < ¢ such that g, IF o € A. For
each a € I choose such a ¢, < ¢. Fix any A < wy so that I = {a € I:U(a,C) C
U(A,C)} is uncountable. Choose § < ¢ so that for all Q-generic Gg with § € Gg,

the set {a € I) : g4 € Gq} is uncountable. Since o € valg,, (A) for all a € I with
go € Gq, this completes the proof that P retains the Calibre w; property. O

It follows from the results so far that, in the model V[G][G2], the one-point
compactification of X g has a P-base and that P has Calibre wy. Also, {U(«,0) :
a € wse} is an open cover of Xy that has no countable subcover, so the one-point
compactification is not first-countable. This completes the proof of the desired
properties, but it is of independent interest to prove this next result because of the
connection to the Moore-Mrowka problem.
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Theorem 5.11. In the model V[G|[G2] there is an we-suitable pair H,i and a poset
P of Calibre wy such that each of the following hold:

(1) Martin’s Aziom and ¢ = wa,

(2) the space Xy is locally compact, 0-dimensional, first-countable, and not
compact,

(3) the one-point compactification of Xy has a P-base

(4) the space Xg is initially wy-compact and normal,

(5) the one-point compactification of Xy is compact, has countable tightness,
and is not sequential.

Proof. We have already established items (1), (2), and (3). Item (3) implies that the
one-point compactification of X g has countable tightness. Item (5) is an immediate
consequence of items (1)-(4). So it remains to prove item (4). This will require a
forcing proof over the model V[G]. Before we begin, let us notice that:

Fact 1. In V]G], if S is an unbounded subset of wo, then the closure of S x C will
contain (wy \ &) x C for some o € wy.

This follows from the property in item (4) because of the facts that S x C does not
have compact closure and that the one-point compactification of Xz has countable
tightness.

Recall, from Proposition 5.4, that, in V[G], the closure in X of each countable
subset of X is either compact or contains (ws \ @) x C for some a € wy. We
will prove that this statement remains true in V[G][G2]. Before doing so we note
that item (4) is a consequence of this claim. It is immediate from (4) that Xg is
countably compact. The fact that then X g is initially wi-compact follows from the
fact that a compact P-space has no converging wy-sequences. The fact that Xpg is
normal is noted in [11, §8] and is similar to the proof that an Ostaszewski space is
normal. Indeed, it follows from item (4) that for any two disjoint closed subsets of
Xy at least one of them is compact.

Let A be a Quw,-name of a countable subset of Xz. Assume there is a ¢ € Go
such that ¢ forces that the closure of A is not compact. Note that ¢ forces that for
all finite ' C wy, A\ U[F] is not empty. Also, that the closure of A is forced to
miss {a} x C if and only if A is forced to miss U(a, 0)\ U[F] for some finite F C a.

By Proposition 5.9, there is a § < wy and a Q¢-name B satisfying that valg,nq, (B)

is equal to valg, (A). By possibly choosing a larger value of £, we may assume that
q € Q¢. We first note that it suffices to work with B and the poset Q..

Fact 2. For each A\ € wq, k € N, and ¢t : {1,...,k} — 2, and finite F C A, the
following are equivalent:

(1) valg,(A) misses (U (A, [n,t(n)]) : 1 <n < k}\U[F],
(2) valg,nq, (B) misses ({U(A, [n,t(n)]) : 1 <n < k}\U[F].

We must prove that the closure of valg,nqg, (B) contains {\} x C for a co-initial
set of A € wy. This means that we are interested in the set of A\ € wy such that
{A\} x C is not contained in the closure of B. For any such )\, there must be a
g > qx € Q¢, an integer ky and a function ¢ : {1,...,kx} — 2, and a finite F\ C A
such that g¢ forces that B is disjoint from ({U(X, [n, tA(n)]) : 1 < n < kx}\ U[F)].
Let S denote the set of all A such that such a sequence (gy, ky, tx, F)\) exists.
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If @ ¢ S, then ¢ forces that {a} x C is contained in the closure of B. Of
course this also means that g forces that the closure of B contains the closure of
(wg \ ) x C. In this case, Fact 1 implies that there is an a € wy such that the

closure of (w2 \ S) x C, and therefore of valg,nqg, (B) , will contain (wy \ ) x C as
required. Therefore we conclude that if S is unbounded, then ws \ S is bounded.
We assume that S is unbounded and obtain a contradiction. Since (¢ has

cardinality Ny, it follows from the pressing down lemma that there is a stationary
subset S7 of S, consisting of limits with cofinality wy, and a tuple (g, k, ¢, F') such
that, for all A € S

(1) q=qx, k=kx, t=1t), and

(2) F =F).
Let W be the union of the family {{U(\,[n,t(n)]) : 1 <n < k}\U[F]: X € S1}.
Since W is open and the property of item (4) holds in V[G], it follows that Xz \ W
is compact. Choose any finite F; C wg so that Xg C W U U[F]. It now follows
that ¢ forces that B is contained in U[F U Fy], which is a contradiction. g
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