
IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING, VOL. 7, NO. 1, JANUARY 2010 111

Coverage of a Planar Point Set With Multiple Robots
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Abstract—This paper focuses on the assignment of discrete
points among geometrically constrained robots and determina-
tion of the order in which the points should be processed by the
robots. This path planning problem is directly motivated by an in-
dustrial laser drilling system with two robots that are constrained
to translate along a common line while satisfying collision avoid-
ance constraints. The points lie on a planar base plate that trans-
lates normal to the axis of motion of the robots. The geometric con-
straints on the motions of the robots lead to constraints on points
that can be processed simultaneously.

We use a two step approach to solve the path planning problem:
1) Splitting Problem: Assign the points to the robots, subject
to geometric constraints, to maximize parallel processing of
the points. 2) Ordering Problem: Find an order of processing
the split points by formulating and solving a multidimensional
Traveling Salesman Problem (TSP) in the -tuple space with
an appropriately defined metric to minimize the total travel
cost. For � �, we solve the splitting problem optimally in
� �� time by converting it to a maximum cardinality matching

problem. Since this is too slow for large datasets, we also provide a
greedy � ��� � algorithm. We provide computational results
showing that the greedy algorithm solution is very close to the
optimal solution for large datasets. For the ordering problem we
present local search based heuristics to improve the multidimen-
sional TSP tour. We give computational results for the ordering
problem and for the overall performance gain obtained (over a
single robot system) by using our algorithm. Finally, we extend
our approach to a -robot system and give computational results
for � �.

Note to Practitioners—This paper presents techniques to plan
the motions of multiple robots to visit and process a given set of
points, subject to geometric constraints on the robot motions. This
point set coverage task is motivated by a laser drilling application
for electronics manufacturing. The goal is to minimize the time
taken to visit the points by parallelizing the robot operations while
avoiding robot collisions. Similar tasks arise in many applications
including drilling, electronics manufacturing, circuit testing, spot
welding, and sensor network data collection. We model the assign-
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ment of points in the plane to robots as a matching problem and the
point traversal order generation as a Traveling Salesman Problem.
We present effective algorithms to plan the motions of the robots
for large data sets (involving hundreds of thousands of points), and
demonstrate the feasibility of our approach for 2 and 4 robots.

Index Terms— -traveling salesman problem (K-TSP),
matching, multiple-robot systems, point set coverage.

I. INTRODUCTION

R OBOTIC point set coverage tasks occur in a variety of
application domains like electronic manufacturing (laser

drilling [5], inspection [4], circuit board testing [33], [15]), auto-
mobile spot welding [24], and data collection in sensor networks
[29]. The goal of using multiple robots in point set coverage
tasks is to reduce the overall task completion time by paral-
lelizing the operations at the points. The path planning problem
in such multirobot point set coverage tasks can be stated as fol-
lows: Given a point set , and robots,
find an assignment of the points to individual robots and de-
termine the order in which the robots must visit the points so
that the overall task completion time is minimized. This path
planning problem arises as a subproblem in the decoupled ap-
proach to solving the motion planning problem of covering a
point set by multiple robots in minimum time. In this paper, we
look at such path planning problems for multiple robot point set
coverage where the robots have to (a) spend some time at each
point to complete a task (we call this time the processing time of
each point) and (b) satisfy given geometric constraints (like col-
lision avoidance) while covering the point set. Our work is mo-
tivated by a system (see Fig. 1) used by a microelectronics man-
ufacturer for laser drilling. Here, we need to process (i.e., drill)
a set of points with identical processing times by a system of

robots. The architecture of the machine imposes the
following geometric constraints: (a) at any instant of time, each
robot can process exactly one point within a square region in
the plane (called processing footprint) although there may be
several points within the region; (b) the robots are constrained
to move along a common line while avoiding collisions; and
(c) the points lie on a base plate that can translate along the
axis.

In the absence of the geometric constraints and assuming
the processing times to be zero, the path planning problem for
multirobot point set coverage tasks can be treated as a -trav-
eling salesman problem ( -TSP). However, the path planning
problem with inter-robot geometric constraints has not received
much attention in the literature. In this paper, we provide solu-
tion algorithms to the path planning problem for point set cov-
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Fig. 1. Schematic sketch of a two-robot system used to process points in the plane. The robots can translate along the � axis and the base plate translates along
the � axis. The square region of length �� is the processing footprint for each robot.

erage with multiple robots, where the robots are subject to geo-
metric constraints, and the processing time of each point is iden-
tical. We divide the problem into the following two problems.

Splitting Problem: Let be a set of subsets of of size less
than or equal to such that each point in can occur in ex-
actly one element of 1. The splitting problem is to find a set
of minimum cardinality that respects the geometric constraints
such that each point in occurs in exactly one element of .
Intuitively, such a set allows the maximum possible paralleliza-
tion of the processing operation.

Ordering Problem: Given a set of -tuples, find a pro-
cessing order of the points by the robots such that the cost of
visiting all the points is minimized.

The splitting problem can be formulated as a clique parti-
tioning problem [12] on a graph for arbitrary and the or-
dering problem can be formulated as a TSP. Both the clique
partitioning problem and TSP are NP-hard [12]. However, for
two robots (i.e., ), we show that the splitting problem is
equivalent to a maximum cardinality matching (MCM) problem
on a suitably constructed graph and can thus be solved optimally
in polynomial time. The maximum cardinality matching algo-
rithm takes time in general [16], [19] and is not suit-
able for large data sets (in our application, approximately
points). Therefore, we provide a greedy algorithm that exploits
the geometric nature of the constraints and takes
running time. We provide results comparing the greedy algo-
rithm with the matching algorithm for small datasets. Our com-
putational experiments show that for typical industrial datasets
the greedy algorithms give solutions that are very close to the
optimal solution.

We model the ordering problem as a multidimensional TSP
[15], [33] in the set of point pairs (pair space) obtained from
the splitting problem. The solution of this TSP gives tours for
the individual robots. We identify necessary conditions in the
tours of the individual robots that improve the tour in the pair
space. We provide results showing an improvement of 5%–8%
in the TSP tour using the tour improvement heuristic. To include

1We will refer to each element of � as a �-tuple with the understanding that
if there are less than � points present in an element we add virtual points to
make its cardinality equal to � .

points in the tour that were not paired in the splitting stage we
give a cheapest insertion heuristic. We also give computational
results showing the improvement of performance obtained by
using a two robot system, with the path planning algorithms
described above, over a single robot system. Finally, we extend
our algorithms for the two robot system to a robot system and
provide some computational results for a four robot system.

This paper is organized as follows. In Section II, we briefly
summarize the relevant literature. In Section III, we formulate
the path planning problem for the -robot system and outline
division of the problem into two subproblems. In Section IV,
we provide solution algorithms and results for the two robot
point splitting problem. In Section V, we formulate the ordering
problem as a TSP in the pair space and provide local search
based heuristics to improve the tour. In Section VI, we extend
the algorithms for the two robot system to a -robot system.
Finally, in Section VII, we present our conclusions and outline
future work. A preliminary version of this work appeared in [5].

II. RELATED LITERATURE

The general motion planning problem for minimum-time
multiple robot point set coverage can be stated as follows.

Input: A set of points with processing times
, that must be processed by robots where each

robot has a limited footprint and the robots must satisfy given
geometric, kinematic, and dynamic constraints.

Output: A trajectory for each robot satisfying the constraints
such that the total time (process time plus travel time) required
to cover the point set is minimized.

This is a hybrid discrete-continuous optimization problem
because we have to simultaneously optimize over: (a) the fea-
sible discrete choices involved in the assignment of points to the
robots and the order in which the points are visited by the robots
and (b) the feasible continuous choices involved in specifying
the position and velocity of the robots as a function of time. The
problem is hard to solve even for , even without the geo-
metric constraints.

There are two distinct approaches to solving hybrid dis-
crete-continuous optimization problems like the one above.
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1) Form a mixed integer nonlinear optimal control problem
[31] or 2) use a two stage approach: (a) solve the discrete
optimization problem of finding the path and (b) solve the
continuous optimization problem of converting the path into
a trajectory. The first approach is very general although the
resultant problem is very hard to solve in practice. von Stryk
and Glocker [31] used this approach to find the trajectories of
two cooperating robots (cars), with given kinematic motion
model, visiting a set of points. They used a two level iterative
scheme to find the optimal trajectories. The outer level iteration
used a branch and bound framework to search the space of
discrete variables (in this case, the variables corresponding to
assignment and order of the points). The inner level iteration
solved a nonlinear optimal control problem over the space of
continuous variables (in this case, the position and velocity
of the robots). This approach can require the solution of an
exponential (in the number of points to be visited) number of
inner level nonlinear optimal control problems, each of which
is nontrivial to solve. Hence, this approach is limited to a
small number of points. Beard and McLain [2] considered a
path planning problem for multiple unmanned aerial vehicles
(UAVs) with intervehicle geometric constraints similar to the
constraints considered here. Their task was to sense (process)
a set of target points while avoiding specified threat points. If
multiple points were present simultaneously within the foot-
print of the sensor they were considered to be processed. This
is different from our problem where we can process only one
point at a time and we have to spend some time at each point.
Therefore, the dynamic programming based solution proposed
in [2] does not apply to our problem.

The literature for the second approach usually focuses on ei-
ther the discrete optimization problem of covering a point set
or the continuous optimization problem of trajectory genera-
tion [20], [14]. The problem of covering a point set by a single
robot with collision avoidance constraints has been studied for
industrial robots [24], [32], [28], [3]. Saha et al. [24], and Wurll
and Henrich [32] address motion planning of a fixed base ma-
nipulator to process a set of points avoiding static obstacles in
the workspace. The points are assumed to be partitioned into
groups and the motion is assumed to be point-to-point. In [28],
Spitz and Requicha consider the point set processing problem
for a coordinate measuring machine. Since there is only one
robot, the processing time is constant and the main focus of these
papers is to find a minimum cost collision free path covering
all the points. The collision avoidance problem is nontrivial in
these cases and all of the above papers use a discrete search of
the configuration space ([24] and [28] use different versions of
probabilistic roadmaps, whereas [32] uses search) for com-
puting a collision free path. On the other hand, we have mul-
tiple robots and algebraic equations that give collision avoid-
ance constraints.

Dubowsky and Blubaugh (see [8, Sec. IV]) considered the
problem of multiple manipulators processing a set of points.
However, they assumed that the manipulators will never be
in collision with each other and formulated the problem as a

-TSP. Their solution approach was to find a tour for one

manipulator and then divide it into tours for manipulators
such that the maximum of the tour costs is minimized. Here,
we need to satisfy collision avoidance constraints, and such an
approach is not suitable. In the multiple UAV literature there
is an increasingly growing body of work on UAV resource
allocation [22] and task assignment (see recent survey [18,
Sec. 3.2] and references therein). Based on the different task
requirements like cost functions, timing constraints, inter-UAV
distance constraints, presence of no-fly zones, there are different
mixed integer linear program (MILP) problems that have been
formulated [9], [23], [25], [26], [21]. MILP formulations have
also been proposed in multiple robot coordination problems
[20]. Global techniques like branch and bound, tabu search,
genetic algorithms have been used to solve the problems. All
these techniques can take time exponential in the number of
input points; the cardinality of the point sets considered in the
literature is of the order of tens. Hence, these techniques are not
suitable for our applications where the cardinality of the point
set is of the order of .

III. PROBLEM FORMULATION

The motion planning problem for minimum time multiple
robot point set coverage can be formulated as a mixed integer
optimal control problem (see the Appendix). The solution of this
formulation gives the trajectories of the robots such that the
overall time taken in covering the point set is minimized. How-
ever, as observed in [31], it is difficult to solve problems of this
type directly and this is especially true for the large datasets that
we have to deal with. Therefore, we follow the usual approach
in the robot motion planning literature and divide the motion
planning problem into a path planning problem and a trajec-
tory optimization problem. In this paper, we are concerned with
the formulation and solution of only the path planning problem.
There are two main questions that arise in the formulation of the
path planning problem.

1) Do we need to incorporate the inter-robot geometric con-
straints in the path planning problem?

2) What is a measure of the travel cost in the presence of the
inter-robot geometric constraints?

Before we proceed to answer the above two questions, we first
consider the minimum cost path planning problem for robots,
without geometric constraints, where the robots have some pro-
cessing time at each point. Note that the distance minimization
version of the path planning problem is effectively equivalent to
the time minimization problem with appropriately chosen ve-
locity profiles since the robot velocities in the and direc-
tions are decoupled. If the processing times are all zero, then the
problem is equivalent to a -TSP problem [11] defined below:
Given a weighted complete graph, , where the set
of vertices consists of the set of all the points and the weight
on an edge is the travel cost between the two points, find
subtours on this graph such that the cost of the most expensive
subtour (i.e., sum of weights of the edges in the subtour) among
the subtours is minimized.

If the processing times are nonzero the problem can still be
set up as a -TSP with suitable weights. Let
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Fig. 2. Example input distribution of points where the bold lines show an op-
timal 2-TSP tour on this set obtained ignoring the geometric constraints. Clearly,
the two robots that are constrained to move along the dashed axis cannot process
any of their assigned points simultaneously.

, be the point set that is to be processed in minimum
time by robots where each robot has to spend time at point

. Let be the travel cost on the edge , be the
processing times of points , respectively, and be
an arbitrary positive number2. Define the new cost on the edges
as

(1)

The solution of a -TSP with the edge weights defined above
gives the tours for each robot such that the maximum sum of
processing cost and travel cost is minimized. Moreover, if
satisfies the triangle inequality then also satisfies the triangle
inequality. Consider three vertices . From (1), we have

(2)

Thus, the new cost metric defined by (1) satisfies the triangle
inequality. Therefore, we can use the algorithm given in [11]
to obtain a constant factor approximation algorithm for the
problem. The constant factor is 5/2 if we use Christofides
algorithm to solve the 1-TSP problem.

In the presence of inter-robot geometric constraints, the so-
lution obtained above by ignoring the constraints may be ar-
bitrarily bad, i.e., the -TSP solution may result in no paral-
lelization of the operations. We illustrate this with a simple ex-
ample. Fig. 2 shows a simple input point distribution where no
two points lie simultaneously in the processing zone of a single
robot. Assume the geometric constraints on the robot are the
same as that in Fig. 1. The bold line shows the optimal paths
of the two robots obtained ignoring the geometric constraints.
However, because of the constraints, no two points assigned to
the two robots in this solution can be processed simultaneously
and the time taken is the same as that would be achieved by a
single robot. Thus, solving a standard -TSP ignoring the geo-
metric constraints can give an arbitrarily bad solution. Thus the
answer to our first question is that we indeed do need to take the
inter-robot geometric constraints into consideration at the path
planning stage. To answer the second question, we first note that

2
� is a problem domain dependent scale factor that accounts for different

units that the travel cost and processing cost may have, e.g., travel cost may have
units of length whereas processing cost may have units of time.

in the presence of geometric constraints the maximum cost sub-
tour among the subtours is not the right measure of the overall
cost. This is because the inter-robot constraints imply that the
robots may not be able to simultaneously traverse parts of their
own tours. The total travel cost incurred for task completion in
this case is the sum of the simultaneous travel costs of the robot
and the individual travel cost of the robots (i.e., costs of parts of
the tour where they cannot move simultaneously).

Although we need to take care of the inter-robot collision
avoidance constraints, it is not clear how to do that at the path
planning stage because these constraints should be satisfied at
all times whereas there is no time information in the path plan-
ning problem. Therefore, we pose the path planning problem in
the space of -tuples of points and define the feasible path for
this problem in the -tuple space as follows: A feasible path is
defined as an ordered set of tuples of points of size less than or
equal to such that the robots satisfy the inter-robot geometric
constraints when they are at points in the same tuple. The path
in the -tuple space induces a path in the Euclidean space for
each robot. This definition ensures that when the robots move
along their respective paths, they would satisfy the geometric
constraints if they are at the points belonging to the same tuple
at the same time. Thus, once we have an ordered set of tuples,
we can ensure that the geometric constraints are satisfied when
moving along the path by writing the constraints as simple ve-
locity constraints of the robots in the point-to-point motion tra-
jectory optimization problem. To solve the above path planning
problem, we take the following two step approach.

1) Divide the set of points into -tuples of points that sat-
isfy the geometric constraints and assign the points in each
tuple to a robot.

2) Find the order in which the tuples should be processed by
the robots (this produces a tour for each robot on the set of
points assigned to it).

We can also view the two step approach as follows: we first find
a collection of points that can be processed simultaneously, thus
obtaining an optimal solution for the processing time and then
we find a travel path for the robots that minimizes the travel cost
without changing the processing cost. Therefore, in cases where
the processing time dominates the travel time this approach will
give a good solution to the overall problem.

IV. SPLITTING PROBLEM

In this section, we look at the splitting problem for the two
robot system shown in Fig. 1. The splitting problem consists
of assigning the set of points to the robots so as to maximize
the number of points that can be processed together. We call a
pair of points a compatible pair (of points) if they can be pro-
cessed together while respecting the geometric constraints. Any
two compatible pairs are called a disjoint compatible pair if the
points belonging to the two pairs are distinct. Thus, the split-
ting problem is equivalent to minimizing the total number of
disjoint compatible pairs and singletons while assigning them to
the robots. A solution to this problem ensures the maximum par-
allelization of the processing operation. The formal statement
for this problem is given next.
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Problem Statement: Let ,
be a set of points in . Let be a set of ordered sub-
sets of of size less than or equal to 2 that partitions ,
i.e.,

, where denotes a virtual point
and any pair respects the following constraints:

(3)

where is the minimum distance between the two robots.
Find such a of minimum cardinality.
In the above statement the ordered pair denotes that
is assigned to robot 1 and is assigned to robot 2. Moreover,

denotes that is a singleton assigned to robot 1, while
denotes that is a singleton assigned to robot 2. The

constraint between the -coordinates of the points in (3) ensures
collision avoidance between the robots. The constraint on the

-coordinates indicate that the robots are constrained to move
along the axis but have a square footprint for processing.

A. Optimal Algorithm

The problem above can be solved optimally by converting it
to a maximum cardinality matching problem on a graph.

Definition: Let be a graph where is the set
of vertices and is the set of edges. A set is called a
matching if no two edges in have a vertex in common. is
called a maximal matching if there is no matching such that

. is called a maximum cardinality matching (MCM)
if it is a maximal matching of maximum cardinality.

Definition: A vertex in is called a matched vertex if there
is one edge incident upon it in , otherwise it is called an un-
matched or exposed vertex.

From the given set of input points, , we construct a graph
, where is the set of all points and is the set

of all edges with an edge existing between two points iff they
form a compatible pair, i.e., they satisfy (3). We call this graph
the compatibility graph of the point set. A maximum cardi-
nality matching on the compatibility graph gives the maximum
number of disjoint compatible pairs, i.e., the maximum number
of points that can be processed together. The unmatched vertices
form the singletons that are to be processed individually. The set

consisting of the matched pairs and unmatched vertices will
be of minimum cardinality since the number of singletons are
minimum. After we obtain the matching solution, we can use
the geometry of our problem to assign the points to the robots.
In our problem, robot 1 is always constrained to be on the left
of robot 2. Therefore, we order the pairs in the matching so that
the point with lower -coordinate is on the left and thus gets
assigned to robot 1. For the singletons, we assign points on the
left of the median of the point distribution to robot 1 and points
on the right to robot 2.

The MCM problem on a graph is a well studied combinato-
rial optimization problem and can be solved in time (Ed-
monds [10]). However, slightly faster algorithms do exist (e.g.,
Micali and Vazirani’s algorithm [17]). In our ap-
plication, can be of the order of and the matching al-

gorithm is not practical for such large values of . Hence, we
provide a greedy algorithm that gives a suboptimal solution and
runs in time. We note that although there are greedy
algorithms in the matching literature that have linear running
time in the number of edges (see [30], and references therein),
such algorithms assume the input to be available in the form
of a graph. In our problem, the input is a set of points, S, and
the parameters and specifying the geometric constraints.
Hence, we need to construct the input graph from this informa-
tion and this may take time in the worst case.

B. Greedy Algorithm

Given the set of input points, , and the parameters, and
, we use the geometric structure of our constraints and the

distribution of the input points to design a greedy algorithm.
We first divide the points along the axis into bands of width

, and then divide the points within each band into two almost
equal halves using the median of the -coordinates of the points
in the band. Then starting from the left most point of the left
half, we pair each point in the left half with a compatible point
in the right half with minimum -coordinate, breaking ties by
choosing points with minimum -coordinate. This is the best
possible local choice for a point in the sense that this choice
leaves the maximum number of compatible points on the right
half for the remaining points on the left half. Algorithm 1 gives
a detailed description of our greedy heuristic. The algorithm has
a theoretical worst case running time of as shown
next.

Lemma 4.1: For an input data set with points, the greedy
algorithm for point splitting (Algorithm 1) has a worst case run-
ning time of .

Proof: In line 3 of Algorithm 1, we sort the input points
according to their -coordinates which takes time.
Lines 4 and 5 are constant time operations. Let the number of
bands be and the number of points in each band be

. For the th iteration in the for loop of line 6, the com-
putation cost is the sum of (for the sorting on line
8) plus (for the loop on lines 16 to 23; since the points are
sorted by -coordinate line 17 takes constant time). Therefore,
the computational cost for each iteration is and the
total computational cost of lines 6 to 24 is
which is in the worst case since .
Lines 25 to 26 assign the unassigned points for the right head
and take at most linear time. Therefore, the complexity of the
overall algorithm is determined by the sum of the costs in line 3
and the for loop in lines 6 to 24 and is .

Algorithm 1 Greedy Algorithm for Two Robots

1: Input: Vector of and coordinates of points, ;
Parameters . denotes the concatenated
vectors and .

2: Output: Set of subsets of of cardinality that
partitions .

3: ; //Sort according to
y-coordinates

4: ; ;
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5: //Number of
bands

6: for to do
7: Points with -coordinates in the range

8:
9: //Median of -coordinates

10: ; ;
11: if then
12:
13: end if
14: Points with -coordinates in the range

15: Points with -coordinates in the range

16: for to do
17: Index of point on right hand side that has

minimum -coordinate among all points that respect
the constraints. If there is more than one such point
we take the one with the minimum -coordinate.

18: if such a exists then
19:
20: else
21:
22: end if
23: end for
24: end for
25: Set of indices of unassigned points on right side
26:
27: return

We have divided the points into horizontal bands and then di-
vided each horizontal band into two halves. These two choices
imply that for every point we are restricting our choice of the
points it can be paired with (or we are restricting the set of
neighbors in the compatibility graph). Theoretically, this may
seem to be troublesome and one can devise inputs where this
scheme will perform badly. However, for the practical inputs
this scheme works very well as shown in Table I. Moreover, one
can also deal with this by repeating the algorithm with different
starting -coordinates for the bands between and
and taking the best result among them. Another alternative is
that instead of dividing the point sets, we consider for each point
all the possible unassigned points it can be paired with and use
the same criterion as in Algorithm 1 for choosing a partner for
this point. This algorithm is a special case of the greedy algo-
rithm for matching where we pick one edge at random from the
graph, remove all edges corresponding to the picked vertices and
then pick another edge from the graph. The ratio of the number
of edges in the optimal matching to the number of edges re-
turned by this algorithm is upper bounded by 2. Thus the ratio
of the total processing time of the points paired with this algo-
rithm to the optimal processing time is assuming a constant
processing time for each point. However, in experiments on the
practical datasets this algorithm performs worse than Algorithm
1 and takes more time. A working scheme that can be used is
to run both the algorithms and take the best of the two. This

TABLE I
PERFORMANCE COMPARISON OF SPLITTING BETWEEN GREEDY

AND MATCHING ALGORITHM

ensures that we always have a splitting result that is practically
good and also has a worst case theoretical bound.

C. Results

The results of using both the greedy algorithm and optimal
(matching) algorithm for the splitting problem, along with the
corresponding running times, are shown in Table I. The value
of the parameters used for obtaining the results are mm,

mm. We have used an implementation of Edmond’s
algorithm available in the Boost Graph Library [27] to solve the
MCM problem. The datasets used represent typical datasets that
are used in the industry. Table I shows that for smaller datasets
(say less than 30 000 points), although the matching algorithm
performs better, the running time is much higher and hence it
is not practical to use it for large datasets. In fact, the Boost
Graph implementation fails for large datasets (resulting in the
blanks in Table I for larger datasets). Moreover, our compu-
tational experiments (last five rows of Table I) show that the
ratio of the number of singletons to the number of points is very
small, hence for practical purposes the greedy algorithm per-
forms quite well. Fig. 3 shows an example dataset and the as-
signment of paired points to the two robots. The units of length
on the two axes are microns.

V. ORDERING PROBLEM

In this section, we present algorithms to find an order of pro-
cessing the points that minimizes the travel cost while ensuring
that the compatible points are processed simultaneously. We
formulate the problem as a multidimensional TSP (such TSPs
also arise in the circuit testing literature [15], [33]). We use a
three step approach to solve this problem: 1) Find a path through
the compatible pairs by solving a TSP on the set of point pairs
(pair space). The solution of this TSP in the pair space induces
a tour for each robot in . Note that even if we find the optimal
tour in the pair space the optimality is with respect to the given
pairing of the points and it may be possible that another feasible
pairing of the same cardinality gives a better tour. 2) Use a local
search heuristic in the tour of each robot to find a better tour in
the pair space while respecting the constraints. 3) Incorporate
the singletons to be processed by each robot in this tour by using
a cheapest insertion heuristic.
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Fig. 3. Splitting and assignment of points by the greedy algorithm for the dataset of 1396 points.

Fig. 4. Distance � between the two compatible pairs ���� ��� and ���� ���with
coordinates ��� � � �� �� � � �� and ��� � � �� �� � � ��, respectively, is
�� � � �.

A. TSP in Pair Space (PTSP)

For formulating the TSP in the pair space or pair TSP (PTSP),
we have to first define a metric in the pair space between two
pairs that is meaningful to our problem. Note that the relative
motion of the robot and the points are constrained to be only
along the axis and axis. Assuming that is the ratio of the
mean velocities in the and direction, i.e., ,
the travel cost between two pairs and

in the pair space is given by

(4)

Note that we have used distance as the cost for formulating the
ordering problem. Equivalently, we could have formulated the
problem in terms of time by dividing the difference in -co-
ordinates and -coordinates by and , respectively, in (4).
Without loss of generality, we assume throughout the
paper, i.e., the mean velocities in the and directions are
same. This distance gives the cost incurred for robot 1 to reach

from and robot 2 to reach from
simultaneously (see Fig. 4). This distance measure

is symmetric and satisfies the triangle inequality. The formal
problem statement for PTSP can thus be written as:

Problem Statement: Given a set of pairs of points,
, and a distance defined on the pairs by

(4), find a minimum cost tour on the weighted complete graph
, where indexes the elements of

and weights on the edges in set are distances between the
pairs.

We note that this problem formulation has the implicit as-
sumption that the two robots start traveling from one pair at
the same time toward the next pair and they leave the next pair
only when both of them have finished processing, i.e., one robot
cannot travel while the other is processing. This ensures that
the two robots travel while satisfying the geometric constraints
if they travel between the points with the same velocity. The
cost obtained is thus an upper bound on the travel cost (as de-
fined in Section III) and can be improved using more sophisti-
cated trajectory optimization schemes. The TSP is an NP-hard
problem and, in general, it is not even possible to get a solu-
tion within a constant factor of the optimal solution [12]. How-
ever, in our case the distance metric is symmetric and satisfies
the triangle inequality. For this case, there are polynomial time
heuristics some of which guarantee a solution within a con-
stant factor of the optimal solution. A few popular heuristics for
solving the TSP [13] are Nearest Neighbor heuristic In-
sertion heuristics Minimum Spanning Tree (MST) heuristic

Christofides’ heuristic Lin–Kerninghan heuristic. The
heuristics and are usually used to construct a
tour from scratch whereas is used to improve a given tour.
An alternative approach is to solve an integer program formu-
lation of the TSP with a cutting plane method [7]. However,
these methods tend to be more computationally expensive. The
practical algorithms for TSP with triangle inequality use a com-
bination of these methods to solve the problem. In this paper,



118 IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING, VOL. 7, NO. 1, JANUARY 2010

Fig. 5. Left figure shows the TSP tour of robot 1 whereas the right figure shows
the self crossings observed in the TSP tour of robot 2. The initial pairings were
(1,a), (2,b), (3,c), (4,d) whereas the new pairing in the lower cost tour is (1,a),
(2,c), (3,b), (4,d), provided the new pairs are compatible.

we use the TSP solver Concorde [1] to solve the PTSP, which
has implementations of the above heuristics as well as the cut-
ting plane method. For the results in this paper, we used the
Quick–Boruvka heuristic to compute a tour from scratch and the
chained Lin–Kerninghan heuristic to improve the tour. We have
observed from our computational experiments that when using
a different heuristic (say nearest neighbor heuristic) to compute
the initial tour even though the initial tour lengths may be dif-
ferent the improved tour lengths did not have any significant
differences.

B. Order Improvement Heuristic

As discussed before, even if we get an optimal tour of the
PTSP, the optimality of the solution is with respect to the
chosen compatible pairs and it may be possible to improve the
tour length by changing the point pairings. We have observed
that the individual TSP tours induced by the PTSP tour contain
self-crossings (i.e., the tour intersects itself). We note that
although the Lin–Kerninghan tour improvement heuristic is
intended to remove such crossings, in our problem it does
so in the pair space. Therefore, we can further improve the
PTSP tour by removing the self-crossings in the individual TSP
tours of the robots provided the constraints are satisfied. This
removal of self-crossings is equivalent to changing the pairing
among the points. Fig. 5 shows a simple example of a crossing
in the TSP tour of robot 2. The initial pairings are given by

. If the pairings and are
feasible then we obtain a new tour in the pair space given by

. Thus, the removal of
self-crossings in correspond to changing the pairings among
the points.

Note that for a TSP in , when using the max metric, re-
moval of a self-crossing is a necessary but not sufficient condi-
tion for improving the tour cost (whereas for Euclidean metric
it is both a necessary and sufficient condition). Furthermore, in
our PTSP formulation, the cost between two consecutive points
is determined by one of the two robots. Thus, if the crossing oc-
curs in the tour of the other robot we will not improve the overall
tour cost by removing it, although the tour cost of the individual
robot may improve. For example, if the cost between the pairs

and given by (4), is determined by the distance be-
tween points 1 and 2 then removing the self-crossing doesn’t
improve the overall tour cost although it may improve the indi-
vidual tour cost of robot 2.

We implemented this order improvement heuristic in C++
where we consider two sets of two consecutive pairs. The
number of pairs between the two sets, i.e., between and

in Fig. 5 is a parameter (say ) that we can set. We first

TABLE II
TSP TOUR OBTAINED IN PAIR SPACE WITH IMPROVED COST GIVEN BY THE

ORDER IMPROVEMENT HEURISTIC

use the heuristic on the tour of robot 2 and then use it on the
tour of robot 1; reversing the order did not give any significant
difference in results. Table II shows the results of solving the
TSP in the pair space. We computed the initial tour using the
Quick–Boruvka method and then used chained Lin–Kern-
inghan heuristic to improve the tour. For both of these we used
the implementations available in the TSP solver Concorde [1].
However, the distance function for this multidimensional TSP
is not available within Concorde and we had to implement our
own distance function. The running times were less than 400 s
for all the cases. For the tour improvement heuristic, we chose
the parameter . The running time is dependent on the
value of and we did not see any substantial improvements
in the tour cost with higher . We observe an improvement of
5% to 8% in the tour cost using our tour improvement heuristic
on the tested datasets and the running times are less than 600 s.
All the run times are obtained on a IBM T43p laptop computer
(2.0 GHz processor, 1 GB RAM). The final improved tour cost,
for the last five rows from Table I, is given in the last column
of Table II.

C. Singleton Insertion Heuristic

We incorporate the singleton points for each robot in its in-
dividual tour induced by the PTSP tour using a cheapest in-
sertion heuristic, i.e., we insert a point in the tour so that the
total increase in the tour cost is minimum. Let and

be two consecutive pairs where the subscript 1
denotes that the point is to be processed by robot 1 and sub-
script 2 is for robot 2. Let be a point to be inserted in the
tour of robot 1. Suppose that we want to insert between
and . If do not form a compatible pair, we find the
minimum distance move to be made by robot 2 to a point com-
patible with . Otherwise, the second robot may stay at the
same place. Let be the point at which we have the robot 2
when robot 1 is at . The increase in the cost of the tour due
to the insertion of point between and is then

where denotes the
distance given by max metric between points and . We want
to insert such that this tour cost increase is minimum. For
each singleton, this is a linear time algorithm.

D. Evaluation of the Algorithm

In Section III, we presented the path planning problem for-
mulation wherein we proposed to divide the problem into two
subproblems, namely, the splitting problem and the ordering
problem. Thereafter, in the next two sections we provided al-
gorithms for solving the two problems and provided simulation
results showing the performance of the individual algorithms
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TABLE III
OVERALL PERFORMANCE GAIN ACHIEVED BY USING A TWO-ROBOT SYSTEM

OVER A SINGLE ROBOT SYSTEM ON EXAMPLE INDUSTRIAL DATASETS.
SEE TEXT FOR DETAILS

on example datasets. In this subsection, we attempt to answer
the following question: How good is the overall algorithm? The
ideal answer to this question is a theoretical bound on the ratio
of the cost of optimal solution to the cost of the solution of this
algorithm. However, we currently do not have such guarantees.
An alternative approach, especially useful to practitioners, is
to compute the performance gain achieved in using a -robot
system over a single robot system. Here, we provide simula-
tion results that show the performance gain achieved in using a
two-robot system over a single robot system.

The cost of the path for any robot is the sum of the travel
cost to visit the points and the processing cost of
processing the points on the path (which is proportional to the
number of points, assuming constant processing time). How-
ever, the measurement unit of the travel cost is that of length
and the unit of processing cost is time in our problem formu-
lation. So, we need a weight factor between the two costs that
depends on the relative importance of the two costs. We can de-
fine the performance gain obtained in using a -robot system
over a single robot system as

(5)

where is the weight factor and the superscript
denotes the number of robots used.

Table III shows the performance gain achieved by using a two
robot system over a single robot system using the algorithm de-
scribed in this paper. We have assumed that so the
total travel time and total processing time are equally weighted.
The processing cost for the single robot is proportional to the
number of points whereas the processing cost of the two robot
system (given in the second column of Table III) is propor-
tional to the sum of the number of pairs plus singletons (given
in Table I). The ratio of these two costs, i.e., is
nearly 2. The third column in Table III gives the travel cost
of the two robot system whereas the fourth column gives the
travel cost of the single robot system (obtained by using the
Concorde implementation of the Lin–Kernighan heuristic on a
Quick–Boruvka initial tour [1]). The travel cost of the two robot
system is slightly higher than the travel cost of the single robot
system. We believe that this is due to a combination of the fol-
lowing: (a) we have designed the whole algorithm around first
minimizing the total processing cost while satisfying the con-
straints and then minimizing the travel cost while keeping the
processing cost fixed, (b) we have an implicit assumption that
one robot cannot travel while the other is processing, which can

TABLE IV
OVERALL PERFORMANCE GAIN ACHIEVED BY USING A TWO-ROBOT SYSTEM

OVER A SINGLE ROBOT SYSTEM. THE POINTS ARE RANDOMLY GENERATED

IN AN AREA OF 500 MM� 400 MM. FOR EACH ROW THE DATA PRESENTED

IS AN AVERAGE OVER 20 DATASETS

result in one robot waiting even when it can move. However, as
the last column demonstrates, we still have a significant gain in
the overall performance. In light of the point (b) above, we can
also view this gain as a lower bound on the performance gain.
Note that the performance gain is also dependent on the value of

. If , i.e., the processing cost dominates the travel cost,
our algorithm performs very well. On the other hand, if ,
i.e., the travel cost dominates the processing cost, the algorithm
performs poorly.

In order to ascertain the performance of our algorithms with
respect to the size of the datasets, we ran our algorithms on ran-
domly generated datasets of size ranging from 10 000 points to
160 000 points. Table IV summarizes the results. As can be ob-
served from the second column the performance of the greedy
splitting algorithm is relatively insensitive to the size of the
datasets. The performance gain decreases slightly with the in-
crease in the size of the datasets and this happens mainly due to
the decrease in performance of the ordering algorithm.

VI. EXTENSION TO -ROBOT SYSTEMS

In this section, we extend our splitting and ordering algo-
rithms for the two robot system to a -robot system. For a

-robot system the splitting problem can be set up as parti-
tioning the compatibility graph of the points into the minimum
number of cliques of size less than or equal to . This is a mod-
ification of the NP-hard clique partitioning problem [12], the
difference being the presence of a bound on the maximum size
of the clique in our case. Consequently, it is unlikely that there
is a polynomial time optimal solution to this problem. There-
fore, we present here the extension of the greedy algorithm to
the -robot case.

A. Splitting Algorithm

We first define the -robot splitting problem formally.
For concreteness, we use our motivating problem in Fig. 1
to represent the geometric constraints. We assume that the
architecture is such that the robots are mounted on the gantry
in Fig. 1 and each robot has independent actuation along the
axis. The problem statement for the splitting problem is thus as
follows.

Problem Statement: Let
, be a set of points in . Let

,
be a ordered set of -tuples, such that ,
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TABLE V
GREEDY ALGORITHM RESULTS FOR FOUR-ROBOT MACHINE ON

EXAMPLE INDUSTRIAL DATA FILES

each point in is present in a tuple in , and the points in each
element of respect the following constraints:

(6)

Find such a of minimum cardinality.
The constraints on the -coordinates ensure collision avoid-

ance and the constraints on the -coordinates indicate that the
robots are constrained to move along the axis but have a square
footprint for processing. The greedy algorithm for the two-robot
case can be extended to the -robot case in a straightforward
fashion. The main steps of the algorithm are as follows.

• Sort the points according to their -coordinates and divide
the points into bands of height .

• For each band divide the points into almost equal zones
using medians of the band. Number the zones 1 to
from left to right.

• Then starting with the leftmost available point in zone 1
at the first position in each tuple, assign a point to the th
position in the tuple if there is a point in zone that satisfies
the constraints, where . If there is more than
one such point, choose the one with minimum -coordinate
breaking ties with the minimum -coordinate. If there are
no such points, then add a virtual point at the th position.

• Repeat until all points are assigned.
The performance of this algorithm on the example datasets,

shown in Table V, illustrates that we obtain a very good splitting
of the points among the robots. The datasets used are the same
as that for the two robot case, and and are 96 and 8 mm,
respectively.

B. Ordering Algorithm

The set obtained as a result of the splitting problem con-
sists of point tuples of size less than or equal to . We set up
the ordering problem as a multidimensional TSP in the -tuple
space, similar to the two robot case. Thereafter, we use the tour
improvement heuristic to improve the tour by interchanging the
points in the -tuple space. The tuples of size less than or equal
to are then inserted into the tours of the robots using the
cheapest insertion heuristic described previously. The distance
between two K-tuples, say and , is a generalization of the def-
inition for and is defined as

(7)

TABLE VI
OVERALL PERFORMANCE GAIN ACHIEVED BY USING A FOUR-ROBOT SYSTEM

OVER A SINGLE ROBOT SYSTEM

TABLE VII
OVERALL PERFORMANCE GAIN ACHIEVED BY USING A FOUR-ROBOT SYSTEM

OVER A SINGLE ROBOT SYSTEM. THE POINTS ARE RANDOMLY GENERATED

IN AN AREA OF 500 MM� 400 MM. FOR EACH ROW THE DATA PRESENTED

IS AN AVERAGE OVER 20 DATASETS

where are the coordinates of the points in
the th positions of the -tuples and , respectively. The tour
improvement heuristic and the heuristic for inserting tuples of
size less than are direct extensions of the heuristics for the two
robot system. For improving the tour cost while not changing the
processing cost, we first identify the self-crossings in the tours
of an individual robot and then try to interchange the order of the
points assigned to that robot to achieve reduction in travel cost.
For incorporating a tuple with elements , we compute
the insertion costs in the -tuple space. The same concept and
formula as used in Section V-C is used for determining the order
of the tuples in the tour.

Table VI shows the processing cost, the travel cost, and the
overall performance gain achieved by using a four robot system
over a single robot system. The second and third columns give the
processing and travel cost, respectively, for the four robot system.
The definition of performance gain is the same as given in
Section V-D; the processing cost for a single robot is equivalent
to the number of points. Similar to the two robot case we see here
that there is a substantial gain in the processing cost (the ratio of
the second column to the first column in Table VI is almost 4 for
each case). However, the travel cost is worse in some cases (the
ratio of the travel cost in the third column to the travel cost in the
fourth column for the second, fourth, and fifth rows of Table VI is
greater than 1) although we have an overall performance gain in
all cases. As stated previously in Section V-D, the travel cost is
sometimes higher because we used a two-step algorithm where
the robots have to move simultaneously and the travel time is
minimized over the feasible set (i.e., tuples of points that satisfy
the geometric constraints) that minimizes the processing cost
which is a subset of the total feasible set. Note that the computed
performance gain is a conservative estimate and can be thought
of as a lower bound on the performance gain that can be achieved.

Table VII shows the effect of the splitting and ordering al-
gorithms for a four-robot system on datasets of different sizes.
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As is the case for the two-robot system, the splitting algorithm
is insensitive to the number of points. The slight performance
decrease with increase in the size of the datasets is due to the
performance decrease of the ordering algorithm.

VII. CONCLUSION

In this paper, we presented algorithms for path planning of
a constrained -robot system to cover a set of points in the
plane. There are two relative degrees of freedom between the
robots and the points, and each robot can process one point at
a time within its processing footprint. The processing times for
each point are assumed to be identical. We divided the path plan-
ning problem into two subproblems of splitting (and assigning)
the points to each robot, and then determining an order of pro-
cessing the points so that the overall tour cost is minimized.
We showed that for two robots, the splitting problem can be
solved optimally by converting it into a Maximum Cardinality
Matching problem on a graph. However, the matching algorithm
is too slow for large datasets and we developed a suboptimal

greedy algorithm that exploits the geometric struc-
ture of our problem. For the ordering problem we first formu-
late and approximately solve a TSP in the pair space (PTSP).
We then improve the solution of the PTSP by identifying nec-
essary conditions (self-crossings) for tour improvement on the
(PTSP induced) tours of the individual robots. We also give a
cheapest insertion heuristic on the pair space to incorporate the
singletons in the ordering algorithm. We provide computational
results showing the performance gain achieved by a two robot
system using our algorithm over a single robot system. Finally,
we generalize our splitting and ordering algorithms to -robot
systems and provide computational results showing their per-
formance on example industrial datasets (with ) for

.
The division of the overall path planning problem into a

splitting problem and ordering problem makes the problem
tractable. However, this approach can lead to a suboptimal
solution. An important question for the future is to obtain
theoretical bounds on the worst-case performance of this so-
lution procedure. More generally, approximation algorithms
for geometrically constrained Traveling Salesman problems
are an important area of future research. We are also exploring
extensions to systems where the processing time at each point
may be different [6].

APPENDIX

We present here the mixed integer optimal control formu-
lation of the minimum time multiple robot point set coverage
problem. Although we do not use this general problem formula-
tion in our paper, we include it here for completeness. Let there
be robots that have to visit a point set , where they
have to perform some task that takes time . Let

be the state of the th robot at time and
be the state update equation, where is the time dependent
control input. Let

(8)

where , are the (unknown) times when the
robots reach a point in . The mixed integer optimal control
problem is given by

(9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

where and are vector-valued vector functions repre-
senting constraints on the states (e.g., geometric constraints like
inter-robot collision avoidance) and control inputs, respectively.
In addition, we can also include any constraints on the initial and
final states of each robot. Equation (9) states that the state evolu-
tion of the robots should obey the dynamics constraints. Equa-
tion (10) states that for each point there is exactly one robot
that visits the point at some time, say , and (11) states that the
robot has to stay at the point for time to complete the task.
Equation (12) states that each point should be visited only once
and (13) implies that a robot can only be at one particular point
at a time. Equation (14) states that the total number of points
that have to covered by all the robots is whereas (15) implies
that at a given time , at most points can be processed.
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