Math 1120 Section 4 Calculus Test 2

October 13, 2004 Name
The total number of points available is 135. Throughout this test, show your
work.

1. (15 points) Let f(z) = va3 + 1.

(a) Compute f'(z)
Solution: f'(z) = (234 1)71/%.32% = %
(b) What is f'(2)7

Solution: f'(2) = 732~ = 12/6 =2

(c) Use the information in b. to find an equation for the line tangent to the
graph of f at the point (2, f(2)).
Solution: Since f(2) = 3, using the point-slope form leads to y — 3 =
f2)(z—2)=2(r—2),s0y =2x— 1.

2. (12 points) Consider the function f defined by:

3r—2® ifr<l
flz)=4¢ 2 ifr=1
21:2/3 if 2> 1

(a) Is f continuous at z = 17
Solution: Yes, the limits from the left and right are both 2, and so is
the value of f at 1.

(b) What is the slope of the line tangent to the graph of f at the point (8, 8)7
Solution: To find f/(8) first note that when x is near 8, f(z) = 22%/% so
f'(x) =22x71/3. Thus, f'(8) =228 1% =22. 7 =2

(c¢) Find f'(—3)

Solution: To find f’(—3), we must differentiate the part of f defined for
x < 1. In this area, f'(zr) =3 —32?% so f/(—3) =3 —3(-3)* = —24.
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3. (15 points) KAM Industries makes ovens. The daily cost in dollars of produc-
ing x ovens is given by

C(z) = —0.062* + 120z + 5000,
for x in the range 0 to 2000.

(a) What is the actual cost of manufacturing the 101%* oven? ...the 201%
oven?

Solution: C/(101—C/(100) = —0.06(101)24120(101)+5000— (—0.06(100)2+
120(100) + 5000) = —0.06(201) — 120 = 107.94. Similarly, C'(201) —
C(200) = 95.94.

(b) Find the marginal cost function C’(z). What are C’(100) and C’(200)7
Solution: C'(z) =120 — 0.12z. C"(100) = 108 and C"(200) = 96.

(c) Find the average cost function C'(z).

Solution: C(z) = ~200e%120045000 — 5000 4 19 — .06z = 50002 +
120 — 0.062.

(d) Find the marginal average cost function C'(z).
Solution: C'(z) = —1(500022) — 0.06.
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4. (36 points) Consider the table of values given for the functions f, f’, g, and ¢

=
G
%
&
=
&
Q\
~—
IS

UL W= OR
O UL W O =N
W WO N =~
DN = DN Ot Ww N O
== O W ks O N —

(a) Let K(z) = f(z) - g(x). Compute K'(3)
Solution: K'(x) = f'(r) - g(a) + ¢/(x)(x).
J(3)f(3)=2-5+31=13.

(b) Let L(z) = f(z)/g(z). Compute L'(2).

Solution: 1/(x) = (f'(x)g(x)—g(x) f(2)+(g(x))%, 50 (2) = (f'(2)g(2)
g2)f(2)+ (9(2))* = (4-3-4-6) + 42 = —12/9 = —4/3.

(¢) Let U(z) = f o g(x). Compute U'(1).

Solution: By the chain rule, U'(z) = f'(¢g(z))-¢'(x), so U'(1) = f'(g(1))-
g(1)=1(2)-g'(1) =4-5=20.

(d) Let V(z) =go f(x). Compute V'(5).

Solution: Again, by the chain rule, V'(z) = ¢'(f(z)) - f'(x), so V'(5) =
g(fe)-f'6)=4¢6) f(6)=1-3=3.

(e) Let W(x) = f(a* — g(x)). Compute W'(2).

Solution: Again by the chain rule, W’( )= fl(2® — g(2)) - 2z — ¢'(x)),
so W'(2) = f'(4—-9(2)- (4—g(2)=f(4-3)-(4-4) =0

(f) Let Z(z) = g(x — f(x)). Compute Z’(3).

Solution: Again by the chain rule and the product rule, Z'(z) = ¢'(x —
[(@) (@ —f(@) =g —f(@) (1= f(2)),s0 Z'(3) = ¢'(3 - f(3))-
1-B)=9¢B-1)-(1-2)=—-4
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5. (30 points) Compute the following derivatives.

(a)

(b)

Let f(z) =272+ . Find £ f(z).

Solution: f'(z) = —2z273 + %x_%.

Let g(z) = 21 — 22. What is ¢'(z)?

Solution: ¢'(z) = J(z* —2?)77 - (42° — 2z) = (4a® — 22) + 2v/a® — 2% =
(22° — ) + Vot — 22

Find L ((4z +1)? - (22% — 1)).

Solution: By the product rule, < ((4z +1)? - (22° — 1)) = 2(4z + 1) -
4223 — 1) + 62% (4o + 1)? = 2(4x + 1)[(823 — 4) + 322 (4 + 1)] = 2(4x +
1)[202® 4 322 — 4].

: d 22241
Find -=—-.

d 22241 _ dw(e—2)-1(22241) _ 222-8z-1
dz z—2 (z—2)2 T x2—dx+4

Solution: By the quotient rule,

Find 4 (¢ +1/t)*.

Solution: By the chain rule, 4 (2 4+ 1/t)* = 4(t* + 1/t)* - (2t — t72).
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6. (10 points) Let f(z) = v/2x — 3. The chain rule can be applied to find that
fl(x) =122 —3)"Y2.2 = 1/\/22 — 3. Use the limit definition of derivative
to verify this fact.

Solution: We need to compute limy,_,o w Thus,

flo) — \/x—i—T—m

\/2(z + h) —3—\/23:7— V2(x +h) =3+ V22 -3
e V2(r +h) =3+ 21 -3

— im 2z +h)—3— (22 —3)

h=0p\/2(x +h) — 3+ 22 —3

20 +2h —3 —-22x+3
= lim

B h=0h/2(x +h) =3+ 22 -3
= lim 2h
h=0p\/2(x +h) — 3+ 22 —3

9
V2r—3+42z -3 /2

7. (12 points) Intermediate Value Theorem. Recall that the IVT asserts the
following: If f is a continuous function on the interval [a, b] and M is a number
between f(a) and f(b), then there exists a number ¢ satisfying a < ¢ < b and
f(c) = M. For this problem let f(x) = +/2x — 5 and let [a, b] = [3,15]. Finally,
suppose M = 4. Find the number ¢ whose existence is guaranteed by IVT.

Solution: We need to solve the equation v/2x — 5 = 4 for . Square both
sides to get 2x — 5 = 16, from which it follows that x = 21/2.



